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Abstract

On p-adic zeta functions and their derivatives at s = 0.
By Keith J. McDonald

Thesis director: Professor Robert Sczech

We study the p-adic interpolation of the special values (suitably regularized)
of the Shintani cone zeta functions - the building blocks of standard zeta and
L-functions - associated to a real quadratic number field F. Our main result
is a polynomial time algorithm to calculate the derivative of these functions of
the p-adic variable s at s = 0 to high p-adic accuracy. These derivatives are
of great interest in view of the classical conjectures of Gross and Stark which

express these derivatives at s = 0 in terms of certain units in abelian extensions

of F.
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1 Introduction

1.1 Riemann Zeta Function

The Riemann Zeta function ((s) of the complex variable s is defined in the half plane
Re(s) > 1 by the absolutely convergent Dirichlet series
C(s) = i L Rets) > 1.
nS

n=1

This function had been studied by Euler, but Riemann was the first to prove that
((s) admits an analytic continuation for all complex s except for a simple pole at
s = 1. For the special values at non-positive integers s =1 —k, k =1,2,3,..., there

is the classical formula of Euler,

(1= k) = (1)L, (11)

in terms of the Bernoulli numbers By = 1, B; = —%, By = 1, etc, defined by the

generating power series

t 2tk
= ZB%, It| < 2.
k=0

The rational numbers By have many important properties. To give an example, due

to Kummer, we fix a prime number p and consider the ”p-regularized” zeta function

o

C(s) =1 =p7)C(s) = Z%, Re(s) > 1.

pin

According to Kummer, the rational numbers

B
C*(l—k):(pk_l—l)?k, k=0,1,2,...,



are p-adic integers if (p — 1) t k. The so-called " Kummer congruences” for Bernoulli

numbers are equivalent to

¢*(L—k) = (1 = K)(mod p™*)

for any pair of positive integers k, k', such that k = k'(mod (p — 1)p"), (p — 1) 1 k.
In other words, if 1 — k and 1 — &’ are close p-adically, then so are (*(1 — k) and
¢*(1 — k). This p-adic interpretation of the Kummer congruences naturally leads
to the question, (which in general we will call the ”interpolation problem”), as to
whether there is a function (,(s), called the p-adic zeta function, of a p-adic variable
s, which is regular outside s # 1 and which interpolates the special values (*(1 — k),

that is,
G(l—k)=¢(1—k)

if k>0, (p—1) 1 k. That question was raised and answered affirmatively by Kubota-
Leopoldt, [42], who established an explicit formula for (,(s) as a p-adic power series
in s — 1. If the interpolation problem is restricted to those values of s = 1 — k which
are divisible by p — 1, then Stark [65] has shown that (,(s) admits a representation

as a p-adic Dirichlet series

Here, if s is not a positive integer, the power n~* is defined as the p-adic limit of the
sequence (n') where t runs through a sequence of positive integers in (p —1)Z in such

a way that t - —s p-adically and ¢ — oo.



1.2 Hurwitz Zeta Function

Besides the Riemann zeta function, one can also consider the Hurwitz zeta function

where z is a positive rational number. As for the Riemann zeta function ((s) = ((s, 1),
the Hurwitz zeta function admits an analytic continuation to the whole complex plane

except for a simple pole at s = 1. At s =1 — k, we have,

C(1—Fk,z) = _Bi@)

k=1,2,3,... 1.2
k’ ) » <y ) ( )

where the Bernoulli polynomials By (x) are defined by the generating series

There is a similar formula for the special values (*(1—k, x) of the regularized Hurwitz
zeta function
(s,2)= Y (n+x)°, Re(s)> L
il x)
Here we assume that z is p-integral and the condition p { (n + x) means n +x € Z.
The p-adic zeta function (,(s,x) interpolating the special values (*(1 — k,x), for

k=0(modp—1), k=1,2,3,..., is given explicitly in [65] by

N-1
Gl(s, ) = Nl%m_w > (n+2z)"° seZ,
pi(n-+2)

where the sequence of positive integers N tends to infinity in such a way that N

approaches —x p-adically.



1.3 Zeta functions of number fields

More generally, let F' be a number field and E/F be a finite Galois extension of F’
with abelian Galois group G. By Artin’s reciprocity law, each ¢ € G corresponds
to an ideal class C' modulo a conductor f = fg,r which is a product of finite and
infinite primes of F' completely determined by E/F. For any finite set S of places
of F' which contain at least all places of F' ramified in F, the partial Dedekind zeta

function attached to this data is defined as

(s(o,8) =(s(Crs)= Y N(a)™*, Re(s) > 1.

acC
(a,5)=1

The sum runs over all integral ideals a in C' which are relatively prime to S. Accord-
ing to Hecke, this zeta function continues analytically to all complex s except s = 1.
In particular, the special values (s(C,1 — k), k = 1,2,3,..., are well-defined. Due
to Klingen [39] and Siegel [59] we have the result that the numbers (s(C,1 — k) are
all rational. Moreover, they vanish identically unless F' is a totally real number field.
For such F, Shintani [56] established an explicit formula for (s(C,1 — k) in terms of
generalized Bernoulli polynomials. The existence of p-adic zeta functions, (s,(C, s)
that solve the interpolation problem for (¢(C,1 — k) was established by Deligne and
Ribet [18] and Cassou-Nogues [11] (assuming S contains all primes lying above p).
It is worth emphasizing that the p-adic zeta function (s,(C,s) vanishes unless the

number field F' is totally real.

The study of the special values of the partial zeta function (s(C,s) has gained
further interest since the arrival of the Stark conjectures ([61], [62], [63], [64])) during
the 1970’s. In the simplest and most interesting case, (s(C, s) vanishes at s = 0 to the

first order. In that case, the conjecture predicts the existence of an algebraic integer



€ € I/ such that the derivative at s = 0 is given by

(5(0,0) =~ log|o (o)

where w denotes the number of roots of unity in £ and the absolute value inside
the logarithm is a fixed archimedean place of E lying above an infinite place of F'
that splits totally in £//F. That conjecture can be viewed as a partial solution to
Hilbert’s 12-th problem, since it provides a formula for an algebraic number in an

abelian extension of the number field F'.

In two important papers, [27], [28], Gross proposed an analogue of Stark’s conjec-

ture for the p-adic zeta function (g,(C, s) in the form

Cgvp(a, 0) = —log, Normpg, g, (u?). (1.3)

Here S contains all the infinite primes of I, all the places ramified in £ and all places
of F' lying above p. The fundamental assumption is that there exists a prime p in F
dividing p which splits completely in £. Under this condition, £ embeds into F, and
the conjecture predicts the existence of a p-unit u in E such that (1.3) holds for all
o in the Galois group G = Gal(E/F). Precise statements of the conjectures of Stark

and Gross are given in the Appendix.

The conjecture of Gross raises the question how to calculate the numbers (5 (0, 0)

to a high level of p-adic accuracy. Our thesis is devoted to the study of that problem.



1.4 Approach and Results

The perspective we take on the Gross conjecture is to find a formula for calculating
the left side of Equation (1.3) to many p-adic digits. One could then, for particular
field extensions E/F as described, consider a (finite) number of likely candidates for
the element u on the right side of the equation and potentially verify the conjecture
is true in this particular case. By the work of Shintani, reviewed below, partial
Dedekind zeta functions can be reformulated entirely in terms of numbers rather
than ideals. Accordingly, the problem is to construct parallel p-adic zeta functions
which interpolate the values of regularized zeta functions constructed from complex

zeta functions of the form (due to Shintani)

C(s,z; A) Z Z H Z m; +x;)a; ;) %, Re(s) > % (1.4)

m1=0 m,=075=1 i=1

where A = (a;;) and = = (21,...,x,). These zeta functions have r summation vari-
ables and n linear forms. We could, for example, refer to the case of F' a quadratic
field as the r = 2, n = 2 case. By the work of Cassou-Nogues [11] we know the related
p-adic zeta functions exist. The problem is to construct them in such a way that we
can calculate their derivatives at s = 0 to as many p-adic digits as we wish. Con-

structing them is, of course, the same as solving the particular interpolation problem.

In [65], Stark took a direct approach to the definition of (,(s,z;A) in the case
r =1, n = 1. He showed it solved the interpolation problem and he showed how to
calculate its derivative at s = 0 in terms of a p-adic gamma function. Here the base
field is F' = Q and the question whether p splits or is inert in F' does not arise. In [66],
Stark completed the case of one linear form and one summation variable by giving

an elementary formula for the p-adic expansion of (0, z; A) to as many p-adic digits



as we wish. His work, and particularly the talk he gave at the Baltimore conference

[66], are the motivation for this thesis.

In this thesis we extend the work of Stark to the definition of p-adic zeta func-
tions for the case of two summation variables and both one and two linear forms (the
r=2,n=1and r =2, n =2 cases). We show they solve the interpolation problem,
and we show how to calculate their derivatives at s = 0 to many p-adic digits (the
main theorems). These results cover the case of F' a quadratic number field where

the chosen prime p splits in F'.

The organization of this thesis is as follows. In Section (2) we review the work
of Shintani in expressing the partial Dedekind zeta functions in the form of numbers
rather than ideals. We also review the direct approach of Stark to the r =1, n =1
case. In Section (3) we define the general zeta functions of the form (1.4) and extend
the known results given by equations (1.1) and (1.2) to all » > 1, including defining
generalized Bernoulli polynomials for use in calculating the special values and show-
ing how, in turn, to calculate these generalized Bernoulli polynomials for given values
of their variables. In Section (4) we use the direct approach to construct p-adic zeta
functions in the two cases, r =2, n =1 and r = 2, n = 2. We then show how to find
their derivatives at s = 0 to many p-adic digits. All our results are for the case where

the chosen prime p splits in the given number field F'.

Throughout this thesis, our p-adic functions will be for odd primes p only. As
is usually the case in p-adic analysis, the case p = 2 requires (sometimes lengthy)

modifications.



2 Basic concepts and results

2.1 Results of Shintani

The result due to Shintani [56] in expressing the partial Dedekind zeta functions in
terms of numbers rather than ideals is as follows. Let I’ be a totally real algebraic
number field of degree n over Q. Let f be an integral ideal of F', that is, an ideal in
the ring of integers Zr of F. Two integral ideals a and b of F' are called equivalent
modulo f, that is, a = b(mod ), if and only if,

(1) a and b are relatively prime to f,

(2) ab™! is a principal ideal, that is, ab™' = (), a € F,

(3) the generator « is chosen such that a = 1(f67!) & a— 1 € fo~1,

(4) o > 0 or «a is totally positive, that is, for every embedding o; of F' into R,
oi(a) > 0.

The equivalence classes are ideal classes forming the narrow ray class group modulo

f, denoted Clp(f).

The Dedekind zeta function is defined by the absolutely convergent Dirichlet series,

Cr(s)= Y N(a)™, Re(s) > 1. (2.1)
S

Let E be an abelian extension of F' with G = Gal(E/F') and let § be the conductor
of E/F. Let 0 € G. The restriction of the summation in (2.1) to those ideals a

prime to f such that o, = o where g, is the element of G associated with a by Artin



reciprocity, defines the partial zeta function,

Crloys)= Y. N(a)™ (2.2)
Clg ZF7 (uvf)zl
oa=0, a#£0

Then, with C' = {a C Zr | (a,f) = 1, 0, = 0} we have, by the Artin Reciprocity

Law, the equivalent definition

((C,s) =C(pp(Cos) =) N(@) ™= >  N(a)™ Re(s) > 1. (2.3)
acC aC Zp
aeC, a#£0

Now, let us fix a particular congruence class C' and choose a representative integral

ideal b of C'. Then, for these mutually prime ideals b and f of F', we can set

C(Cv S) = C(bva 3) = ZNQ_S>

acC

where the summation is over all integral ideals a of F' which are in the same narrow

ray class group modulo f (denoted by C') as b. Then we can write

((Cs)=) Na*=Nb" >  N((a)*=Nb" >  N()*
acC (o) ()

acl+fo! acl+fo~t
a>>0 a>>0

since « is totally positive.

Now, (a) = () & a = Pe where ¢ is a unit in F, so summation over ideals can
be replaced by summation over numbers modulo the units as follows. Let U(f); be

the group of totally positive units of F' that are congruent to 1 mod f. Then U(f), is
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a subgroup of finite index of the group U, of totally positive units of F'. Then

((Cs)=Nb" Y N (2.4)

acl+jb~!
a mod U(f)+
a>>0

Let ® be a fundamental domain for the action of U(f); on RZ,. Following Shintani
[56] we choose D to be a disjoint union of open simplicial cones, ® = | |, ., Ck, where
T is a finite set of indices and Cy = Cylaik,...,a,w)x), k € T, with generators

a1k, .-, 0rk), Which we can choose to be in fb_l C F. Then,

Cs)=Nb=Y " Y N

k€T ae(1+fo~1HNC;

But the a; are algebraic numbers in F. Hence they form a Q -basis of F'. So every

a € I has a unique representation in terms of the a;;, namely,

Q

ik, i, by €7, b; #0.

(=

r(k)

%
7

So we can write,
(k)

o = Z(mz + xi)ahk

=1
with my,...,myp) € Zy and y,..., 23 € Q, x4, ... s Tr(k) € [0,1). Then,
00 00 r(k)
CC)=Nb—> 3" .0 Y N (mi+zi)a) ™. (2.5)

keT m1=0 mr(k):o =1

To begin, if for example, we take k& = 1 in the first sum of Equation (2.5) and put



11

r =r(1), we can simply consider

o oo n T
E E 5 mi+x)ai) =YY [ O (i + zi)aiy),
m1=0 my=0 m1=0 m,=075=1 =1
where q; ; is the j-th embedding of a,; in C.
a1 ... Q15 ... Qip
We note the columns of the » x n matrix A =
ry ooo Qpj oo Gy
are the n embeddings of ay,...,a,; in C. So we define,

o0 o0 n s

(s,x; A) Z Z H Z (m; +xi)a;i;) ", Re(s) > % (2.6)

m1=0 m,=0j5=1 1i=1

We can then write

C(Crs) = Nb—* > (s, 2(k); A(K)) (2.7)

keT
for # = x(k) and A = A(k). Shintani [56] and [57] has given explicit formulas for

((s,z;A)at s=1—m, m=1,2,... and, in the r = 2, n = 2 case, for {'(0,z, A).

We may therefore refer to zeta functions of the type given by (2.6) as Shintani cone

zeta functions.

2.2 Stark’s direct approach to p-adic interpolation

The usual (indirect) approach to p-adic interpolation of zeta functions ((s) defined
for s € C, with Re(s) > r for some positive integer r, is to delete the terms divisible
by p to give the regularized function (*(s), show analytic continuation to all values
s € C apart from the finite number of poles, find the (special) values at non-positive

integers k, determine the p-adic function (,(—k) which agrees with all of these val-
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ues, or at least on a set of non-negative integers which is a dense subset of Z,, and
conclude (,(s) is the unique p-adic function that interpolates these special values of
((s). The existence of this unique p-adic function is due to the work of Kubota and
Leopoldt [42], also Iwasawa [36]. Stark’s (direct) approach, in the r =1, n = 1 case,
was to simply define a p-adic Dirichlet series and then show it satisfies the required

conditions.

In [65] and [66], Stark argues as follows. The standard Riemann zeta-function and

the related L-function are given by

C(s) =Y _n* L{s,x)=>_ x(n)n~*

for s € C, Re(s) > 1, x a Dirichlet character mod m, m > 2. Both have analytic

continuation to all of s € C apart from a simple pole at s = 1.

In [65], Stark defines for S = {oo,p}, p a prime, s € C, the zeta and related

L-functions,

((s,8)= Y n* L(s,x.9= > x(mn
(nip)=1 (nip)=1
We have,
L(s,x,S) = L(s,x)(1 — x(p)"'p~°). (2.8)

We also have for f a positive rational integer and x a Dirichlet character mod f,

-1

Lis, . S) = 3 x(a)f~*¢(s, ? s),

1

~

e
Il
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where we introduce the partial zeta-function,

(8= 3 w7= X T

n=a(mod f)

n=0
(n}p):l (nf+a7p):1

By Equation (2.8), the partial zeta function satisfies:

C(s,=,S)=C((s a) —pSC(S,;), for b such that bp = a(mod f), 0 <b < f.

'

The Hurwitz zeta function is defined by,

By Corollary (11), this function has analytic continuation to all of s € C apart from

. . . . B 1(T
a pole at s = 1 with residue 1, and at non-negative integers k, ((—k,x) = — ’j;jrl( ),
which gives,
Bea(§) Bru(})
a AR LN Sl Y _
—k,—,5)=— for bp = d 0<b< f 2.9
¢( > ) el TP g for e =almod f), [ (29)

In [65], Stark took a different approach to the p-adic interpolation of these zeta-

functions. He first took the usual definition of n™* for s € Z,, namely

n™* = lim n*
k——s

where k runs through a sequence of integers congruent to 0(modp — 1) and tending
to —s p-adically. Then he simply defined the p-adic zeta-function,
G(s,x, )= lim Z (n+x)%,

N——x
P 0<n<N

n+a€Zy
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and then proved it is defined and continuous for all s and x € Z; and that

a . _Bk+1(%) — By (0) <Bk+1(%) — BHI(O)) (2.10)

Cp(—k’?S)— kot 1 k+1

where b is such that bp = a(mod f), 0 < b < f. Since By+1(0) = 0 for even k, the
equality of the right hand sides of Equations (2.9) and (2.10) on a dense set k € Z,

allows us to conclude that (,(s, ¢, 95) is the unique p-adic function which p-adically

a
Y f?
S) for s a non-positive integer. We then have,

interpolates the values of ((s, %,

a

D+ Bi() =

(0, % S) = — By ;

— %, for bp = a(mod f), 0 <b< f. (2.11)

| o

Stark further defined a p-adic gamma function,

Ty(z)™ = lim (-1 J[ (n+a).

N——z
P n<N
(ntz)p=1
He showed his gamma function is equivalent to the Morita p-adic gamma function

definition,

D) = Tim (=1 ] (n+2),

n<M
(n,p)=1
and easily proved the key relationship,
¢ (0,2,5) = log, T'y(x). (2.12)

The same proofs can be used to show the rescaled Hurwitz p-adic zeta and p-adic

gamma functions introduced in [66], namely,

Gls,x, f) = Nli>m£ Z (nf+x)~° and, (2.13)

T 0<n<N
(n,p)=1
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L) = i (-0 T (o +2) (214)
’ pi(nf+o)

satisfy the same key relationship,

¢, (0,, f) =log, T'y(, f). (2.15)

In [66], Stark showed how to calculate ¢/(0,z, f) to many p-adic digits. Accord-
ingly, we used the algorithm in GP-Pari to calculate log,I',(z, f) and Stark’s result
to calculate ((0,z, f) and we were able to verify agreement to many p-adic digits

(e.g., to p*® for small values of p) for many different values of p, f and z.

Unfortunately, the simplicity of this r = 1, n = 1 case does not extend to zeta
functions with more that one summation variable (r > 1) and therefore not to zeta

functions with more than one linear form (n > 1).
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3 Complex zeta functions
We begin with a general definition for the complex zeta functions with which we will
be concerned. We prove analytic continuation for these zeta functions to the whole

complex plane, except for a finite number of poles, and we obtain their (special) values

at negative integers in terms of a combination of generalized Bernoulli polynomials.

3.1 Definition

Let A = (a;;) be an r x n matrix with the a; ; positive real numbers. We denote by

Azjl the following sub-matrix of A,

Qg5 - Gkl

In particular, A = A}“}L We put Zy = {0,1,...}. We denote by L;, j=1,...,n
the linear form in r variables given by L;(t1,...,t,) = Y., a;;t;. Then, we define
a generalized complex (-function with » summation variables and n linear forms as

follows.

Definition 1. For a vector x = (x1,...,%;, ..., 2,), ©; € RTU{0}, x £ 0, let

((s,xz;A) = ZHL m+x)°, Re(s)>£. (3.1)

, n
meZg j=1
For x =0 we define,
C(s.0;4) = 3 HL )=, Re(s) > —. (3.2)

. n
meZg j=1
m#0
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The convergence of this Dirichlet series is well-known.

. . T
We will also use the notation w = zA = (wy,...,w;,...,w,), w; = Y ., a; ;i

to express our zeta function for z # 0 in either of the three ways:

(s,254) = Y [[Lim+2)

mezy j=1

=> 11 (Z(W + xi)ai,j)>

mezy j=1 \i=1

=) ﬁ (wj + ;ma]) _s.

meZg j=1

In the latter case, we may also use the notation ((s,w;; A;) rather than ((s,z; A;).
This will occur later when we want to use the results below that the special values of
the analytically continued zeta functions may be viewed either as polynomials in the

components of w or as polynomials in the components of x.

3.2 Complex zeta functions with one linear form

Let us first consider a zeta function with one linear form and r summation parameters.
To simplify notation, we let A; = (a4, ...,a,;)" be the j-th column of A. Then we

have

C(s,x; Aj) = ((s, Aij) = Z Z Lim+z)~°
m1:0 m,=0

(mi + l’i)aid')

i=1
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T
where w; = xA; =)\, wa,;.

3.2.1 Analytic continuation, values at negative integers

We generalize results given by several authors including Ahlfors [1], page 214, and
Apostol [2], page 251, which use the Riemann ”loop or keyhole integral” (see Riemann
[51] translated and published in the appendix of Edwards [20]). After first showing
((s,z; A;) has a meromorphic continuation to the whole complex plane, our particular
interest is in the special values of ((—Fk,z; A;), where k = 0,1,2,.... These special
values may be presented in different ways. The following theorem first presents the
special values in the general case of r summation variables and one linear form, in
a notationally compact manner which is useful in certain investigations (e.g., Stark
[66]). The corollary following the theorem presents the special value at k = 0 in the
case of two summation variables and one linear form (r=2, n = 1) in a form which is

notationally less compact but more useful in other investigations (e.g., Shintani [56]).

Theorem 2. The Dirichlet series ((s,x;A;) converges for s > r and analytically
continues to the whole complex plane except for simple poles at s = 1,...,r with

restdue at s = r given by,

1 1
(r =T aiy

Ress—,((s,z; Aj) = (3.3)

Moreover, the special values at s = —k, k a non-negative integer, are given by

K ) M
1 Bier (W05 Aj) = (1) 1B (w5 45),  (3.4)

C(—k,z; Aj) = (—1)km Tt )

where w; = Y. (1 — x;)a;; and the generalized Bernoulli polynomial B;(y; A;) is
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defined by the generating function

tTeyt i BJ
Hl (et —1) =

Proof. We first prove the analytic continuation statement.
Let w; = xA; =5, ajja and w; = Yy (1 —x7)a; ;. The Euler gamma function is

defined by,

I(s) = / y* eV dy, Re(s) > 0.
0

Substituting y = (w; + >_,_, myay ;) t, we have,

8) = (wj + Zmlam') / e_(wj+ZlT:1 mlal,j)ttsfldt’ so that,
F(S)C(S,x;Aj):/ e it Z Z e~ Zi=1muanjt gs=1 gy

m1=0 m,=0

e =t dt

/ [T_i( 1 - e_a” ‘)
5~ dt.

/ Hl 1 et _1)

Since % =O(t™") at t = 0 and I'(s) converges for Re(s) > 1, the Dirichlet
1=11¢ " —

series converges absolutely for s > r.

Consider

s 1 wjz
(s,x;A;) / dz
Hz 1 eti® — 1)

where the path C is the sum of the three paths in C:
Cy: the interval [0o, p]
Csy: the counterclockwise circle of radius p around the origin

Cj5: the interval [p, 0o].
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We can write

I(s,z;A;) = L1 (s,x; Aj) + La(s, x; Aj) + I3(s, x5 Aj)

where Ii,(s,z; Aj) = ka % 2571 dz for k=1, 2, 3.
Now, with s = o +it, on Cy, |25 = |27 1| < |27~ = p7~ !, to give,
Zsflewjvz Zrewjz
Iy(s,x; A;)| = dz| < p” "L sup - 2mp.
& i)l |z|=p lezl(eal’jz —1) |z[=p H?:l(eal’]z —1)

eti* . .
But, —= is analytic in |z| < 27 except for a pole of order r at z = 0,
[T=i (e —1)
Zrew]'z Zrew]'z

is analytic, and ‘ < B for some constant B.

S0 T —a; iz T —ap %
[[-i (e % = 1) [Iioi(e7 9% = 1)
Hence, |Ix(s,z;A;)| — 0 as p — 0 for 0 > r. Now, (using ¢ for the real axis variable)

since z°~1 =571 on C} and 2°7! = >~ D=1 on Cy, then, as p — 0,

0 s—1 wjt oo 2mi(s—1)ps—1 wjt
o et e o et
Hsaidy) = [t e [
7 Jeo T (est = 1) o [li(em' =1)
' o] ts—l w;t
— (6271'1(571) o 1) € dt

o [[i(emst —1)
= (™ — D)I'(s)((s, ; Aj).

Now,
T 211 2mi €™
I'(s)['(1 —s)= = — — = - .
(S) ( S) simrs eTis . p—Tis e2ms —1
Then,
27 e
I(s,2;A;) = —((s,x; A;) and,

I'(1—s)



I'(1—s)e™
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C(s, 23 45) = —————1(s,23.4))
F(l _ S) eﬂ'is / Zs—lewjz
= : - : dz, Re(s)>r. 3.5
2w Jo (e -1 (39

The integral I(s, z; A;) is obviously convergent, so the right side of Equation (3.5) is

defined and meromorphic for all values of s. Therefore, Equation

(3.5) provides the

analytic continuation of ((s,z; A;) to the whole s-plane. As shown above, ((s,z; A;)

is regular at s > r and therefore at s = r + 1,7 4+ 2,..., and we know I'(1 — s) is

an analytic function for Re(s) < 1, so the only possible singularities are the poles at

s=1,2,...,r.

We first find a general formula for the residues of the zeta-function at these poles

and then the particular formula for the residue at s = r. Let,

s—leu?jz

dz

1 1 z
A = — T “A) = —
oo ) = gl o) = o |

for the path C defined earlier. Then, fC1 e == fc3 ... for s =k,

Zk:—le’LEjZ

H;:l (emi® — 1)

J(k,z; A;) = Res.—

We now evaluate the residue at £ = r. We have,

A 1

J(r,xz; A;) = lim

Using,

Fr—s)=Tr—-1-s+1)=(r—-s—1)I'(r—1-s)=(r—s—1)

k=1,2, ... and

z—0 H?:l(al,jz +0(2%)) B HlT:1 al,j.

(1= 8)D(1—s),
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we obtain,
I'(r — 1
lim(r — s)['(1 — s) = lim (r=s+1)
S—r S—T (T—S— 1) (]_—S)
B 1
(=1)(=2)...(1 =)
1
= (=1 r—1
(=1) (r—1)!
Then,
Ress_.((s,x; Aj) = £1_>mr(s — )1 = s) ¥ J(r,z; Aj)
1 1
= (_1)1+T_1+T T )
(r =Ty ay
giving,

1 1
(r—I T ay

Using Equation (3.5), we now calculate the special values of the zeta-function at

Ress_((s,x;A;) = (3.6)

non-positive integral values of s = —k, k =0,1,2,..... We obtain,

k+1 —k—1 w]z
((—k,x;A;) = / dz
( J) ( Hl 1 e,i7 — 1)

2 e’U]JZ
= (=1)* k! Res,—q z "1 ( — )
" [T (e®5® = 1)

o I
2
= (=1)* k! Res,—q 27! E B, (w;; Aj)—

n!’
n=0 ’

so that,
k!

C(—k,x;A5) = (—1)km

Bk+7’(w]7AJ>7 (37)
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where B, (w;; A;) is defined by the generating series:

We also have,

1 _ 8 TI'ZS 5= 1 w]z
(s, 4)) = / iz,
’ Hz

Then,

R e (e
C(—k,ZL‘,AJ) —( 1)k =1 k! RBSz:() ( Z) g ! (H:Zl(e—al,jz_l))

= (_1)7“+1 k! Res,—q (—z)—k—r—l i By (w;: Aj)ﬂ)

giving,

Remark 3. The final result of this theorem allows us to generalize the well-known

result By(1 — z) = (=1)*By(x) to obtain
Bi(zAj; Aj) = (=1)"Bp((1 — 2) A3 A;) (3.9)

where 1=(1,...,1).
——

T

Remark 4. The results obtained above show the special values of the zeta function
are polynomials in w;. This is the approach used by Stark. Shintani [56] on the

other hand, obtained results which overtly show the special values are polynomials in
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the components x; of the vector x. Such results can also be obtained here as follows.

From Equation (77) we have,

Zrewjz
C(—k,2;A;) = (—1)" k! Res,—g 27" ! < T )
j : T (e — 1)

We can write the final bracketed term on the right side as

ze(l—xl)aldz Ze(l—mr)anjz
emi® —1 )T\ etrit —1

_( i %ﬂ‘xl)(alﬂ)m) ( i W(amzw). (3.10)

n1=0 n,=0

It is then easy to see ((—k,x;Aj) is a polynomial in each x;. In order to write the
actual polynomial we need to separate the product of the infinite sums into the sum

of % products thus:

Z Z = (nl—O—l—Z) (nr:0+2)

o0

To satisfy the requirement Res,—q (—z)7*""1, the product Dot Dy 1S easily

written as

DR |

nel4.Anp=k+r i=1

The writing of the other > — 1 terms requires the more complicated notation given by
Shintani [56], although again, it is easy to see each term is a polynomial in x;. As an
example, and for future use, the full expression for the r =2, n =1 case is given in

the following Corollary.

Corollary 5. For A = A%ﬁ, the value of ((s,z; A1) at s = —m, m = 0,1,2,..., is
given by
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where,
(m+2)! ar;’
R, — By i2(71) a7
(m+2)! ag;’
Bi(z1) Bi(w2) 1 14
= k+;n+2 k! g e
Ei>1

(Here, B;(y) is the usual Bernoulli polynomial defined by the generating function

t ut o B ( ) k
a1 = Dpeo g th)
Proof. Putting r = 2 and s = —m, in Equation (3.5), we arrive at

[(m+1) M le®sz

2mi o} H12=1(€al’jz —-1)
2

r 1 (1-=z)aq 2
=(—1)" —(m+ ) / 7l H S
C

27 o (et —1)

C(=m,x; Ay) = (=1)™ dz

= coefficient of 2™ in the Laurent expansion at the origin of

6(17361)(117]1 6(1712)(12*]%

(—1)™m! x X :
e*.jiz — 1 e®.i% — 1

Now, using the generating function, % = 1o B’“k—(!“)t’“ ,, we have,
(1-z1)a1,;z (1-z2)az,;z ~. B (1—m) = B (1 — )
e e _ k z1 k1 L 12 -1
k=0 1=0
(splitting szto (k:() + Z)(l:() + Z))
k=0 1=0 k=1 =1

where,
Bo(l—.ﬁl?l) > Bl<1—x2)
Ry = =2 U TN 2
! (za ;) X z_: I
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for which the coefficient of 2 (requiring [ = m + 2) is

Bm+2(1 - x2) -1 _m
By(1 — l’l)w%} .-

Similarly, the coefficient of 2™~ in Ry is

Bm+2(1 - 1'1) -1 m

Bo(l - l’g) (m + 2)| ag,5 1,5

and the coefficient of 2™~ ! in Rj is

Z By(1 —x1) Bi(1—x9) ;4 ;4

X Il Arj @25 -
k+l=m+2 ’ )
ki>1
Finally, R4, with £ = [ = 0, cannot have a term in 2. O]

Remark 6. Since B(1 — z;) = (=1)*By(z;), ((—m,z; A;) is a polynomial in each

x; of degree m + 2.

For future use we note the following corollary.

Corollary 7. In the r = 2 case, at m = 0, we have the results:

2
B B
30,43 4;) = 2(2) (22 4 2221 L 9 By (2y) By (wa) + 2(1) [T 22T (3.12)
2 11 Q12 2 Q21 Q22

S0C(0,0:4)) = [y T2y 2y G2y L

12 a2 1 a11 a2 2 a2

(3.13)



27

3.2.2 Generalized Bernoulli functions

Our next goal is to express the generalized Bernoulli functions B, (w;; A;) in terms

of the first order, or usual, rescaled Bernoulli polynomials B, (z; f) with generating

=3 w t", and then as polynomials with coefficients containing

function ft
Bernoulli numbers. Both the generalized and first order Bernoulli functions have
been introduced because they will be the functions we require for the p-adic analysis
we wish to perform. In particular, we show that for fixed A;, the special values
((=k,z;A;), k=0,1,2,..., are simply polynomials in each element z; of the vector

x = (x1,...,x,). We first note that the first order, rescaled Bernoulli polynomials

may be expressed in terms of the usual Bernoulli polynomials.

Lemma 8. We have:

By(z;a) = a"_an(g). (3.14)

Proof.

> Bn . tert 1 (E)(ft) z
Z (%a)tn: € :_( :_Z (2)
n! et —1 a n!

n=0 ’ n=0

]

We now show the generalized Bernoulli polynomials, B,,(w;; A;) are polynomials

in w;, and therefore in each component of z, of degree n.

Lemma 9. B, (w;; A;) is the following polynomial in wj:

B,(wj; A;) = n! Z( ) wi™ Y H( ’f‘z ”11) (3.15)

ni+...+nr=n i=1

where the n; are positive integers less than n or 0.



Proof. B,(wj; A;) is generated by:

w o
=Y Ay
H;ledl]y_]‘

and B, (0; A;) is generated by:

Then,

=0 & n=0 n! k=0 ! n=0 n!
Bulwiidy) _ 5 g0 L poa g 0:a
w00 A Ty B0 A ) e G Bal054y)
n n .
- t) Bt<07Aj)wJ t
t=0
Now,
i Bn(07Aj) n _ yT _ Yy Y Y
n! H:Zl(eai,jy — 1) e.,5Y — 1 e%25Y — 1 e ety — 1

— BA)=al Y By (0;a15) By (0:a2,5)  Ba, (03 ary)

n1! 77/2! ’)’Lr!

”) it Z Bm(O%al,j)an(O;@,y‘)_.‘Bnr(();ar,j)

ty! no! n,!

28
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n - T Bni .
() 2 ()

ni+...+nr=n i=1

Remark 10. We now recall the Von Staudt-Clausen theorem ([69], page 55):

Let n be even and positive and B,, be the n-th Bernoulli number. Then

B.+ Y %eZ

(p=1)In

where the sum is over all primes p such that p — 1 divides n. Consequently, pB,, is

p-integral for all n and all p.

We note that, due to the relations between the Bernoulli polynomials and Bernoulli
numbers given by Lemma (9), this theorem implies p" B, (w;; A;) has p-integral coef-

ficients.

3.2.3 Corollaries

We have the following corollaries to Theorem (2).

Corollary 11. In the r = 1, n = 1 case we have for the re-scaled Hurwitz zeta

function:
C(s,xz;A) = Z(nam +za11) " = Z(nam + w;)~°
n=0 n=0

that ((s,x; A) analytically continues to the whole complex s-plane, except for a first

1

ai,1

order pole at s = 1 of residue . We have the values at s = —k, k a non-negative



30

nteger,

B ; B 1— ;
C(—k, 2 A) = — k+1(21i$11,a1,1) _ (_1)k ke (( kilia1,17a1,1) (3.16)

where Byy1(a; f) is a rescaled Bernoulli polynomial with generating function

tedt _ =< Bj(a; f)tj
eft —1 g! ’
j=0

and, we can express By (a; f) in terms of the usual Bernoulli polynomials and then in

terms of Bernoulli numbers:
a "k a
s s = w130 (1) B G

5=0
where Bj(x) is the j-th Bernoulli polynomial and B; is the j-th binomial number.

Corollary 12. In the case of two summation variables (r = 2) and one linear form

(n =1), we have the Barnes [3] double -function:

C(S,I; AJ) = Z Z (mlaLj + maQs + 101 5 + ZL‘Q(IQJ‘)_S, RG(S) > 2

m1=0 mo2=0

=) Y (maar + maay; +w;)

m1=0 mo=0

where © = (r1,x9), Aj = (a1, a2;)" and w; = xAég

Then, ((s,x; A;) analytically continues to the whole complex s-plane, except for first

order poles at s =1 and s = 2, the latter with residue TIVL
3J »J
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The special values at s = —k, k a non-negative integer, are given by:

1

(k+1)(k+2)Bk+2(wj§Aj)v (3.17)

((—k, a5 A7) =

where By(w;; Aj) is a polynomial of degree k with generating function

t2 w;t

= Bk w]a
(errit —1)(ew2it —1) Z ’

Jj=

and, we can express By(w;; A;) in terms of the usual (rescaled) Bernoulli polynomials:

k
By, (0,a1;) Bi,(0,a2;) 5
=3 (1) 0 30 PG s o

1=0 li+lo=l 1

K\ < (1
(l) > (T)BT(O,aLj) By (0, az) w; ™.
0

r=0

EN|

=

Remark 13. Equation (3.17) corrects a mistake on page 180 of [66].

3.3 Complex Zeta functions with n linear forms

We return to the definition of a generalized (-function with r summation variables

and n linear forms as given by Definition (1) in Section (3.1).

((s,m3A) = (s, Ay = ZHL m+x)”°
meZg j=1
(Z m; + l’i)ai’j)>

(w] + Zmzaw) .

3
II
i Mg lMg

2
2

We again want to show these functions have analytic continuation and to find their

values at non-positive integers. We can no longer simply apply the method of Theorem
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(2), but require the innovations due to Shintani.

3.3.1 Analytic continuation and values at negative integers

Theorem 14. (Shintani [56]) ((s,x; A) is absolutely convergent if Re(s) > = and

has an analytic continuation to a meromorphic function in the whole complex plane.

Moreover, if we put 1 —x = (1 —x1,...,1 —x,) the value at s=1—m, m=1,2,...
18
" (1 — 2 A
L A) = (1)@= (e S B ) 3.18
(1= ) = (00 1) 3 P (3.18)

where By,(1 —x, A)®) is the coefficient of u™™~Y ( H#k yl)mfl in the Laurent expan-

sion at the origin of
T eull=wi) 320 ai,jy;

U2 i=1 Y ]

i=1 yr=1

Proof. With T'(s) = [ e "t*7dt, if Re(s) > L, consider,

n T
L) T 1D (miaiy + wiaiz)] ™
j=1 =1
00 T 00 T
= / e_tl [Z(miau + xiai,l)] st‘i_ldtl R / e_t" [Z(miam + xiam)} stz_ldtn
0 i=1 0 i=1
.
(Put, tj — Z(miam + xiai,j)tj)
=1
(0.9} ' (o.9]
_ / e~ i=1(miaiitzia; )t ti_ldtl ..... / e~ 22:1(miai,n'i‘xiai,n)tntfl_ldtn‘
0 0

Then, T(s)"((s, z,; A)

= [ [T e e TLem St ),
0 0 =1 i=1

/m ,/mfiélmzﬁﬂmw< yldty ...d
= - ti.. . ty)S Tty L dt,.
0 0 =1 eXg=1 %t ] ! !
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Define D, CR, k=1,2,...,n by,
Dk:{tEanStlStk, lzl,...,k—l,k—i—l,...,n}

and let,

1 @ijtj

(1—z;)
H E 1 @i it; _1

Then

C(s,z;A) / / oty Nty L dty,

sl
Z/D . dt,...dt,.

In Dy we make the change of variables t = u(y) = w(y1,...,y,) where 0 < u, 0 <
y < 1forl # k and y, = 1. The determinant of the Jacobian for this transformation

is u" ! Let,

(¥ (s, 2 A) = <>-"/ g(0)(tr .. £) Ny . d,

o du/ [ st (T ([

I#k I#k

For a positive number p, denote by 1,(1) and /,(co) the integral paths in C consisting
of the intervals [1, p] and [00, p], counterclockwise around a circle of radius p and the

27

intervals [p, 1] and [p, oo] respectively. We have z =t on [1, p| and [00, p] and z = te
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on [p, 1] and [p, oo].. Given the n linear forms have positive coefficients, we evaluate

T S e il | £

(1) Ik I#£k

as p — 0, obtaining, as in Theorem (2), a factor of (¢*™* — 1) from each of the n — 1

inner integrals due to the terms z’~' | but then a factor of ("™ — 1) due to the

term w1,

We then have:

(W(s,2; A)

du w(y))u™t . s dy;).
N /wg< ) (TTw)” ™ (] o)

I£k I#k

_ I'(s)™"
o (e2n7ris _ 1)(627ris _ 1)n—1 /1

p

As a function of s, this integral is meromorphic in C. Moreover,

s 271 2mi €™
(S> ( S) Sin s eTis _ p—mis e?ms -1
F(‘S)_n (2 )fnr(l )n nmis ™ — 1
=0 - - = (471 — S)e —_.
(627171'15 _ 1)<€2ms _ ]_)n—l €2n7r7,s -1
Now,at s =1—m, m=1,2,..., e = (—1)"m=1 and :;ﬂ% =1 so,

_ . ,nF m)" n(l—m)— -m
= (—1)""D (27) Q/ du / g(u()u = (] o)™ (T ] dwe)
n I,(0) I,(1) 14k 14k
F(m)” n . n(m—1) m—1
(2mi)™ x coefficient of wu (H )
Ik

= (=)D (2mi) "
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in the Laurent expansion at the origin of,

r 6u(l—aci) oy @iy

g<uy17uy27 sy UYk—1, UYk41, - - - 7uyn> -

i=1

U2 j=1%,5Y5 _ |

yr=1

Then,
" Bn(1 =z, A)®

(1=, 4) = (1" D ((m — L))" .

where By, (1 -z, A)® is the coefficient of u™™ =1 (], yl)m_l in the Laurent expan-

u(l—2;) 371 a4, jy;

sion at the origin of [[_, & O

U 2i=1 %Yy g

yr=1
Corollary 15. (Shintani[1]) The value of the Dirichlet series ((s,z; A}))

at s=1—m, (m=1,2,...) is equal to (=1)"m™"Bp,(x, A},) where

Bin(z, Ai,’%)

(m!)r
B,,(z1)... By, 1 By (7))
-y P ot g+ 5 (TP 3 es.0 AL
~ pilptpy! T s ) e
and,

(1) By(t) is the usual k-th Bernoulli polynomial,

(2) the summation with respect to p is taken over all r-tuples of positive integers

p=(p1,p2,.-.,p) which satisfy py +pa+ ... +pr =n(m —1) +r,

(3) C(ALy,p) is the coefficient of (ty .. .t,)™ " in the polynomial [[}_y (371 ajnte) ",
(4) the summation with respect to S is taken over all the proper and non-empty sub-

sets of indices 1,2,...,n for each S,

(5) the summation with respect to q is over all the mappings from S to the set of

positive integers which satisfy D _;csq(j) = n(m — 1) +r,

(6) c(S,q, A}, is the coefficient of (ty ... ty_1tpqr ... t,)" " in the Taylor expansion

n s q;—1
at the origin of the function Hﬁj;i;éjjgz;) at the origin.

tr=1
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Remark 16. In the case of two linear forms and two summation variables, (n = 2,
r = 2), if we begin the proof of Theorem (14) with (using the changed notation from

x tow),

(s,w0;4) = > H <w] +Zmzaz,,)_s,

meZg j=1
we arrive at:
CW(1 —m,w; A) equals the coefficient of u>™ Dy~ in the Laurent expansion at

the origin of

e(a1,1+a1,2y2)u e(a2,1+a2,2y2)u

2
F<m> e—(w1+w2y2)u
9 elar,i+ar2y2)u 1 glaz,i+az2y2)u — 1’

with a similar result for () (1 — m,w; A). This makes it explicit that ((s,w; A) is a

polynomial in wy and w,.

The results we require for the case where the base field is a quadratic number field

are as follows.

Corollary 17. For A = A;é, the value of {(s,x;A) at s=1—m, m =1,2,..., is

given by
—1))?
C(1—m,z; A) = M(H1+R2+R3+R’1+R’2+R’3) (3.19)
where,
Bgm(x'Q) 2m —1 _ m— ;
R1=W > (-1 ; ayal a5 ad,
k+]g’7§) 1
Bgm(JIl) 2m — 1 _ 1 — .
S T D G [ At
kJrk’]:'ngl
Bk(l’l) Bl(ﬂfg) k—1 [—1 i1 i
Fs = Z Ll T Z j ; ayy’ " alpah T
k—]&g-’ll:Z%m z+57;§)—1
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and, for k =1,2,3, we obtain R, from Ry by interchanging a; ; with as; for j =1,2.

(Here, B;(y) is the usual Bernoulli polynomial defined by the generating function

tevt 0o Bk(“)tk)
et—1 k=0 k! :

Proof. We have

2
C(1=—m,z;A) =((1— m,x;A%é) = ((m — 1)1)?2 Z B (1 —2x,A)(k)

=
Il
—

where B,,(1 —z, A)® is the coefficient of u>™ =2y~ ! in the Laurent expansion at the

origin of
2

II

i=1 €

2
eW(1=mi) 2251 @i jy;

2
wjmraigyy ] |,

Write
C(l - m,x,A) = C(l)(l - m7$7A> + C(2)<1 - mwr;A)? Where7

¢W(1 = m, 2; A) = coefficient of u*™~2y"~! in the Laurent expansion at the origin of

((m _ 1)])2) 6(1—901)(611,1-5-(11,2112.)11 6(1—502)(&2,1+a2,2y2)u

X
2 e(a1,1+a1,2y2)u —1 e(a2,1+a2,2y2)u —1 ’

(@ (1 —m,z; A) = coefficient of u*™~2y"~! in the Laurent expansion at the origin of

((m _ 1)!)2 6(1*$1)(al,1y1+a1,2)u 6(1712)(a2,1y1+a2,2)u

X .
2 elariyitar2)u _ | elaziyitaz2)u ]

We need only consider () (1 — m, z; A) since the expression for () (1 — m, z; A) can

be obtained from that result by simply interchanging a, ; with a; 2 and as; with as .

: : o te¥t _ Nmoo B(y) 4k
Now, using the generating function 7= = ) ,~, =5*t", we have,
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e(1—z1)(a1,1+a1,2y2)u e(1—z2)(az,1+az2,2y2)u

X
elat,itarzy2)u ] elaz,itaz2y2)u _ ]

. Bi(l—=z B 1—x -
:Z¥(u<all+a1 2Y2)) XZ ! 2 (u(azs + azzye))™

o0 [e.o]

(splitting Z Z into (k=0 + Z J(1=0 + Z )
k=0 1=0 k=1 1=1
:T1—|—T2+T3+T4.
where
Bo(1 — 1) = 1 — X3) -1
T, = a1 +a )
' u(arg + a1,2y2) zl: ! (u(az 2.242))
for which the coefficient of u>™ 25"~ (requiring [ = 2m) is,
B m(l—2 . —1 . — m—
By(1 — xl)% x coefficient of y5* " in (a11 + a1.2y2) " (az1 + azoys)”™
Bom(2) R(2Zm =1\ 41 p o 15
— —1 a¥ a3yl
(2m)! k—‘,—er:n—l( ) j aq 1 1,221 2,2
f,j>0
Similarly, the coefficient of u?"~2yy"~! in T} is,

Bop (1) k (27"_1) k-1 _k 2 14
— -1 , a ab a1l
(2m>| k+z_1( ) j 2,1 2,211 1,2
j—m
k,5>0

and the coefficient of w?"~2yy"~! in Ty is,

By(z1) Bi(x E—-1\/l—-1 i1 il
Z k/i!1> 15!2) Z < j )( i )alf,lj 1a]2al21 1“22-

k+1=2m i+j=m—1
kI>1 4,520

Finally, Ry, with k = = 0, cannot have a term in u*™y3". O]
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Corollary 18. For the r = 2, n = 2 case with A = A;:é, we have the results at

m =1,

B B
(0,0 A) = B2(22) (220 4 2220 4 9 B (ay) By(x) + 2(71) (222 4 2117 (3.90)
2 aii a12 2 a2 2 21

1
C(O,O;A):—[E‘F%—f‘&‘i‘%]—f‘—- (3.21)

24 a2 1 ay Q22 Q12

Using Corollary (7) we then have,

0,73 4) = 5[0, A1) +¢(0,: 4],
(0,0 4) = Z[€(0,0: A1) +¢(0,0; A)).
and, ©n particular,
2
C04) = C0,0,4) = 5 S [C0.5 A4~ C0.0: 4] (322)

Jj=1
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4 p-adic zeta functions

4.1 The Interpolation Problem

In Section (3), we generalized results in classical analysis for zeta functions due to
Riemann, Barnes and others. We want to perform p-adic analysis on the related
p-adic zeta functions, (,(s,x; A). The p-adic zeta functions can be constructed from
the modified complex zeta functions by a process known as p-adic interpolation. We
say a function on the positive integers or any other dense subset of Z, can be p-
adically interpolated if it first has a (uniformly) continuous extension to all of Z,. We
note that “continuous” means, as in the real case, that whenever a sequence of p-adic
integers x, approaches x p-adically, f(x,) approaches f(x) p-adically. Second, the
modified complex function and the continuous p-adic function must agree on a set
of negative integers that is dense in Z,. Such a continuous p-adic extension is then
unique, because two continuous functions that agree on a dense subset are identical.
The explicit construction of a p-adic (zeta) function which satisfies these two condi-

tions is what is meant by “solving the interpolation problem”.

To prove p-adic uniform continuity for such functions f(z), we will show that,

Given any real number € > 0, there is a real number 6 > 0 such that for any z,y € 7Z,,

2 —yl, <0 = |f(x) = f(y)l, <e

We will use this in the form: There is a positive integer N such that,

1 1
|"L‘_y|pS p_N = |f(x)_f(y>|l?§ pN_H'

Let us first consider the case of complex zeta functions with two summation vari-
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ables and one linear form. They are related to quadratic number fields. In the
notation of Definition (1), let A; = (a1, a2;)", © = (21, 22) and w; = rA;, where we
assume the a; ;’s and x;’s are positive numbers. For j = 1,2, by Corollary (12), we

know the complex zeta function

((s,z;Aj) = Z Z (myay; +maag; +w;)~°, Re(s) > 2

m1=0 mo=0

has an analytic continuation to the whole complex plane apart from simple poles at
s =1 and s = 2. We can evaluate the analytically continued function at non-positive
integers as polynomials in the components of z or as polynomials in w;. We suppose
the a; ;’s and x;’s are integers in a totally real quadratic number field F' and that the

chosen rational prime p splits in F'. We first want to embed the elements of F into a

p-adic field Q,.

4.2 Embedding Number Fields in Q,

In the case of a quadratic number field F' = Q(\/E), we have the following known

result:

Lemma 19. The following are equivalent:
(1) A prime p splits (completely) in a quadratic number field F = Q(v/d)
(2) The Legendre symbol (%) =+1

(3) F — Q,, that is, there is an embedding of F' into Q,.

Proof. (1)=-(2): Assume p splits in F. Let,

(p) = (p,a+ b\/a)(p, a— b\/g) = (p*,pla + b\/c_l)7p(a — WE), a® — b%d).

2

d
Then we have: a®*—b*d = 0(mod p) = d = Z—Q(mod p) = (5) = +1.
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(2)=(1): Assume d = a*® (mod p). Then p fa but p|a® — d. Consider,

(p,a+ Vd)(p,a—vVd) = (p*, p(a+ Vd),pla — bVd),a* — d)
a’? —d
)

= (p)(p,a+Vd,a = V4,

a’>—d

)

= (p)(p, 2a,

= (p) or p splits in F

, a*—d
since p fa = (p,2a) =1=1 € (p,2a,

).

(2) = (3): Thisis a well-known result (see, for example, Katok [38], page 37) obtained
by applying Hensel’s lemma. Let f(z) be a polynomial whose coefficients are in Z,.
If there is an oy € Z, such that f(oy) = 0(mod p) but f'(ay) # 0(mod p) then there
is a unique a € Z, such that o = a;(mod p) and f(a) = 0.

Let f(z) = 2% —d. Then f'(z) = 2z. If d is a quadratic residue, then d = d3(mod p)
for some dy € 1,2,...,p— 1. Hence f(do) = 0(mod p). But f'(dy) = 2dy # 0(mod p)
since (do, p) = 1, so the solution in Z, exists by Hensel’s lemma.

(3) = (2): Suppose Vd =dy+ dip+ .... Then d = d2(mod p) = ¢ = +1. ]

SRS

To return to the p-adic interpolation of a function related to (s, x; A). We suppose
the elements of A are all algebraic numbers in some quadratic field F' and that some
prime p splits in F. Then, by Lemma (19), F' embeds in Q,. Accordingly, if we
assume p does not divide any of the elements of A;, then these elements are all
integers in Q,. We do not have free choice of the prime p. By Lemma (19) we have
an embedding of F = Q(+/d) into Q, only if d = O (mod p), so, given d, we must

choose some p accordingly. Then p must split (completely) in F into two factors of
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the form (a + bv/d) and (a — bv/d). There will be two choices for the embedding:

ag+ arp+ap*+ ..., 0<a; <p

Nz

bo+bip+bop® + ..., 0< b <p

where we must have ag 4+ by = p. We can take one of the embeddings to be Vd and
the other to be —v/d. We first choose either one of the two factors of p as p and then

we choose the embedding of v/d into Q, so that the p-adic valuation of any element

Bepis|fl,<l<L.

Example 20. We can embed Q(v/5) into Qy; since (%) = +1 . Now, as expected,
11 splits as 11 = (4 ++/5)(4 — V/5). Choose p = (4 ++/5). Then, given the choice of
embeddings

4+a111+a2112—|—..., 0<a; <11
V5 =

T+ b1l 40112+ ..., 0<b <11

we choose V5 = T+ b1l + byl12 + ... so that 4 + V5 = 111 + 112 + ... and

1811 < ﬁ <1 for any 5 € p.

4.3 p-adic zeta functions with one linear form

4.3.1 Definition

We want to define a p-adic zeta function which solves the interpolation problem for

a regularized zeta function defined as follows.

Definition 21. Let

*(s,x; Aj) Z Z Li(m+2x)™* Re(s) > 2. (4.1)

m1=0 mo=0
ptL; (m+x)
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where L = L;(m + x) = myay j + moas j + w;.
Note that, in the remainder of this paper, whenever we define a zeta function, the *
notation always means that we are removing the terms divisible by a fixed prime p or

a specified prime divisor p of p.

We suppose wj, ai; and ay; are all integers in a quadratic field F' and that a fixed

prime p splits in F', say p = pp’ where if 5 € p and ' € p’ then ||, < 1 and ||, = 1.

We now define the term “p-adic limit” and then establish a pair of p-adic limits

we will use in our calculations.

Definition 22. Let a € Z,. By N — a we mean N approaches o p-adically through
p

values in Z* in such a way that N — oo as well.

For example, if

a=—1=@p@-1)+@-1p+@—-1p+...

we could let N run through the sequence of partial sums

p—=1), p—D+@-p, (p—D+@-p+ (-1,

We now choose two sequences of integers M; and M, defined as follows.

Definition 23. For o, 8 € Z,, we choose sequences of positive integers My and M,
such that

M1—>Oé, Mg%ﬁ
p p

Alternatively, we can define these p-adic limits as follows. Let T € Z* be such that

T — +o00.
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Define My — 400 such that

My —al,<p T M-a=p"q, pta, a €Z,

Similarly, define My — 400 such that

My — B, <p T & My—B=p"q, ptq, ¢ €Z,.

We will later choose specific values for o and 3, but, for the present, we can regard

them as general p-adic integers.

We now want to define, the p-adic function

Mi—1 Msy—-1

H(s,z;A;) —Tlgrolo E E Lim+x))"°, s€Z,, (4.2)
m1=0 mo=0
piLj(m+z)

where, L;j(m + z) = Z?:1(mi +xi)aij, Aj = (a1;,a2,)", © = (21, 22) and w; = xA;

(as in Definition (1)).

We first need to show H (s, z; A;) is well-defined and that entails defining L;(m+x)~*
for p t L;j(m + z). Since x; and a; ; are in Z, for all ¢ and j, we can simply consider
n~* where n € Z, and p f n. So, we consider the function f(k) = n=* where k is a
non-negative integer, n € Z, and (n,p) = 1. We follow the arguments on page 26 of

Koblitz [1] and page 126 of Gouvéa [2] and claim:

Lemma 24. f(k) admits a p-adic interpolation, that is, f(k) may be extended in a
unique way from the non-negative integers to the p-adic integers so that the resulting

function is a continuous function of a p-adic variable s with values in Z,.
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Proof. For s € Z,, we define the p-adic function,

— 1 k
fols) = Jim

where p  n and k € Z* runs through a sequence of integers approaching —s. As
noted in the introductory remarks to this section, to prove p-adic continuity for this

function, it suffices to show that,

1 —k K 1
|k/_k|p§})_N:> n —nNn bﬁm

Since (p — 1) € Z, we can write
—s=(p—1)s'=(p—1(a+ap+..),

for some s’ € Z,, s' =ag+ap+ .. ..
Then we choose as sequences of integers k, (p — 1) times the partial sums of ', so
that

k— —s, k=0(modp—1).

P

Accordingly, if we have k = (p — 1)k; and &’ = (p — 1)ko, where kq, ke € Z7, then,

1
|k/ - k|p =|p— Dk —(p— 1)k2|p = |k — k?‘p < p_N

We therefore have k; — ky = ksp™, where 0 < k3 < pV. Now, using Fermat’s little
theorem to put n?~! =1+ mp for p{n,

‘nk) o nk;’|p _ |(np—1)k;1 . (np—l)k2|p

— |(np—1)k1 ’p|1 _ (np_l)kZ_kl ‘p
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=|1-(1+ mp)kspN|p

= |(1+ mp)kwN_l‘p

ksp™v ksp™Y
:|k3mep+(3p )(mp)2—i—...( 35 )(mp)k—i-...‘p

2
kapN kaPN i
< mas(ftap mply | (5 )Pl () G
N+1
<",
< 1
—pN+1

In summary,

Definition 25. For s € Z, and n € Z,;, we define n™* as

n~° = lim n*
k——s

where k runs through a sequence of non-negative integers congruent to O(mod p — 1)

and tending to —s p-adically.

This allows us to investigate the values of H(s,z; A;) at integers divisible by p — 1,

including 0. These integers must be even.

Second, now that we know n~° is well-defined, to show H (s, z; A;), is well-defined, we
need to show convergence. We start with the elementary result that an infinite series
ZZ‘;O a, with a, € Q, converges if and only if lim,_,. a,, = 0. Since the terms on
the right side of (4.2) are not divisible by p, the p-adic value of each of them is 1, so

the infinite series, on first inspection, does not appear to converge. We can, however,
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show convergence if we group the terms. We start with the infinite series

and group the terms as follows:

—S

[e.e]
Zn—ira: = Z(n—l—x + Z (n+ )
D

0<n<p” p<n<2 p”
pinta pin+x pin+x

We will prove the following lemma not just for one linear form but, for future use, in

the general case of m linear forms.
Lemma 26. Suppose s, x; € Ly, © = (T1,...,x%) and p*||s. Then forr >a+1,

0(modp'=*"1), if s #0;

Z H(n+xi)_5 =
rt if s =0.

n(modp™) =1 0 d
T () (modp™™),

Proof. The case s = 0 is trivial.

} Z%T(p’”—l)—p =0 (mod p"").

Z H(n—i—xi)*s

n(modp”) =1

PIIL (nta:)

Suppose s # 0. Recall, for B; the [-st binomial number, that
J

B NJ—H l
1=0

=2

—1
nj:—l
741

i
o

Consider, for t = (p — 1)p*u, u € Z7,

r

[y

S = ﬁn+xl

n=0 i=1

=
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r(j+1-1)

Il
M
T Mu.

m
Chot—
= Z ' B, p" + terms in p*, k> 2r

r—a—l)

= 0(mod p by the von Staudt-Clausen theorem.

Now consider the terms in S that are divisible by p. Suppose n + x; is divisible by p.
Let 1 = ag +pu, u € Z,. Then p|(n+x1) if n=1Ip—ag, 1 <1 <p"~'. Then we can

write for values of y;, d; € Z,,

pr-l m
Z Hn—i—x s:le+py1tHlp+yz
=1 =2

n(modp™) =1

pIITi% (ntmi)
pr—l mi
TS
=1 j—O
mt pr 1
Z do+) D ;1]
7j=1 I=1
= 0(mod p"t*71).
Now put —s = t. ]

Remark 27. Stark [65] gives a different proof of the preceding lemma for the case of

one linear form and one summation variable.
We can now show that,
Lemma 28. H(s,z; A;) converges and is continuous in both s, x1 and xs.

Proof. To show convergence, note that if T" increases to T”, the group of extra terms
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added to
M;—1 Msy—1
> D> Litm+a)™
m1=0 mo=0
ptLj (m+z)
is
M/ 1 M’ 1 Mi—1 Ms—1
> D> Lim+o)yT=30 Y Limta)”
m1=0 mo=0 mi1=0 ma2=0
ptL; '(m+$) ptL '(m+$)
M;—1 Mi-1
TN s Y Y Lo
m1=0 mo=M> mi=M; mo=0
ptL; (m+a) ptLj (m+z)

We claim the p-adic value of this group approaches zero as T" — oo. Consider,

My—1 Mi-1

2. > L

mi1=0 mo=DM>
ptL;(m+x)

jm+az)~*

Fix a value of m; and then consider

Mj—1 2 Mj—1
E + E mia; ;)" = ay; E (mg +y)™*

mo=Mo> i=1 mo=NM>

ptL; (m+x) ptmao+x

LMy ¢ 7,,. Since the number of terms in this sum is

where y = -
sJ

M} — My = 0(mod p), we can apply Lemma (26). Then

My—1

Y Litm+a), =0

2
ptL; (m+z)
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as T'— oo. The same argument applies to

M{—-1

Z Z Li(m+x)~°.

mi1=M; m2=0
ptL; (m+x)

To show H(s,x; A) is continuous in s, we let |s; — s3], < p™" and n = L;(m + z),

n € Z,. Then,
Mi—1 My—1
[H (51,25 45) = Hso, 23 45)]p = Jim DY = <p

m1=0 mao=0

by the same method of proof as in Lemma (24).

To show H(s,z;A) is continuous in z1, we can choose two values z1; and x5 such
that |x11 — 22|, < p™". Write L; = myay j + maas; + Toas;.

Then, with £ =1,2,..., k = 0(modp — 1), for some value of m; and ma,
|H(=k, (211,...); A)) = H(=k, (21, .. .); A))lp < [(Lj+anary)*—(L+anan;)*], <p™
Let —s = k. Similarly, H(s,x; A;) is continuous in z,. a

We return to the problem of interpolating the (special) values at s = —k,
k=0,1,2,..., k = 0(mod p — 1) of the (regularized) complex zeta function defined
by

C S, X, A Z Z (ml&lyj + maQg ; + U)j)is, RG(S) > 2

m1=0 mo=0
ptmiai,j+maaz j+w;

We need the following lemma for a zeta function, ((s,z;a) =~ ((n+x)a)~*, with
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one summation variable and one linear form.
Lemma 29. For even positive integers k, if v — 0 then the value of ((—k,z;a) — 0.
p P

Proof. With By.1(y) as the usual Bernoulli polynomial with generating function

we have by Equation (3.16),

B .
((~k,zs0) =~ Der1l02i0)
_ _akBk+1(9U)

E+1

k k+1

a k+1 k41—
- B +1-1

k+lz( z ) L

=0
k

k
a k+1 kt+1—
=— > B '+ B
k+1[l:0( l ) B Bk

= zP(x), for even k,

where P(x) is a polynomial in z. Then ((—k,x;a) — 0 as © — 0. ]
P p

In the light of what we need for the following theorem and its corollary, we now

make our choices for the p-adic integers a and [ of Definition (23).

Definition 30. We define the sequence of positive integers My such that

Ml — ——]
P A1y

Then for each my such that 0 < my < My, we define the sequence of positive integers

My = Msy(my) such that
_U}j + miay

M2—>

p (127]‘
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Alternatively, we define these p-adic limits as:
Let T € Z* be such that T — +oo.

Choose M, — +o00 such that

|Miay; +wil, <p™" & Miay; +w;=p a1, pta, @ €Z,

For each my such that 0 < my; < My, choose My — +00 such that,

|M2a27j +mya; + wj|p < p_T & Maag ; +myar; +w; = qug, P1qe, @2 € L.

We have the following theorem for the difference equation of two (* functions.

Theorem 31. For k as abowve,

g*<_k7 (xla 5(72); AJ) - C*(_k’ (Il + Mlv xQ); AJ)

My—1 Mso—1
= Z Z (ml(ILj + mgag’j + U}J)k + E(T) (43)
m1=0 mo=0

ptmiaq j+maag j+w;
where E(T) — 0 as T — oo.

Proof.

C* (s, (1, 02); Aj) — (s, (21 + My, x2)5 Aj)

o0 o0
E : 2 —s
= (mlau + mgazjj + wj)
m1=0 mo=0
ptmiar j+maag j+w;
o0 (@)
—S
- > (maay; + moag; + Miay; + wj)
mi1=0 mo=0

ptmiay j+meoaz j+Mial,j+w;
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M1—1 o0
—s
= > (miay; + moaz; + wy)
m1=0 mo=0
p)fmlal,j+m2a2,j+wj
M;—1 Mo—1
_ E —s
= (mlalyj + mgag,j + U)j) + S,
mi1=0 mo=0

ptmyay j+moas j+w;

where,
Mi—1 00
—S
S = E E (mlal,j + mgag,j + U)j)
m1=0 mo=DMas
ptmiay j+maaz j+w;
M;—1 o)
J— —S8
= ) (miay; + maaz; + Maaz ; + w;)
m1=0 mo=0
ptmia,j+meoaz j+Maaz, j+w;
M;i—1 oo

= Z Z (mlalyj + mga;j + Mgagyj + wj)_s

m1=0 mo=0

Mi;—1 00
—S
- ) (miay; +maag; + Maag j + w;)
mi1=0 mo=0

plmiar,jtmeasz j+Maasz, j+w,

Now the first double series is simply S22~ ¢(s,Q; as;) where

m1=0

mlaLj + MQCLQ’]' + ’LUJ'

Q= Q(ml) =

1.2 p

as T — oo. At s = —k, by Lemma (29), we have ((s,€;a2;) — 0. In the second
P

double series, the condition p|mja; ; +maas j + Msas ; +w; implies p|mgy by our choice

of M,. This allows us to write the second double series as Z%ll;é C(s, 82 pas ;). Again,

at s = —k, thanks to Lemma (29), we have ((s,;pas ;) — 0. O
P

Corollary 32.
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Proof. We can write Equation (4.3) in the notation

C =k wy; Aj) — ¢ (=k, w; + May 35 Aj)
Mp—1 My—1

= Z Z (mwh,j + moag ; + wj)k +E(T) (44)

m1=0 mo=0
ptmiay j+meaz j+w;

We need to show
Jim C(=k,w; + Miayg; A;) = C(=k, 05 4;),

that is, we can pass to the limit for M; inside (*. We first note that M; passing to
the limit means we have T — oo so that the error term E(T) in Equation (4.3) is
removed. Let £ = Za, ; + Zay ;. Assume M, is sufficiently large. Then wy + Ma,

is divisible by a large power of p and therefore,
C*(—k,wy + Miayg; Aj) =Y (=, w; + Myay; + p; Ay)
P

where p runs through a suitable set of representatives for £/p £ and p € pL. At
s = —k, (*(—k,w; + Mya; j + p; A;) is a polynomial in w; + Mja, ; + p so we can take
the limit Mya; ; — —w; inside. Then we have,

p

lim  (*(—k,w;+ May; +p; Aj) =Y (k. pi 4;) = (=K, 0; 4;).

Miay ;—>—w;
P p

Let us now set

h(‘S?x;Aj) :C*(Sax;Aj>_<*(570;Aj)7 (45>
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so that h(—k,z; A;) = H(—k,z; A;). Then,

Lemma 33. (Duplication formula) With h as defined in (4.5),

C*(s,0;A;)

(z1,22); Aj) (4.6)

x;éO

where the sum is over all possible combinations x; =0 or x; = % fori=1, 2, provided

x # 0.

Proof.
i o (o.9] a 7A a " »
2C(5,0,0:4) = > Y (et +met)
m1=0 mg:O
Mm1 L +mag 227

= Z C $1,9€2 )

where the sum is over all possible combinations z; = 0 or x; = % for i = 1, 2. Now

subtract 4 x (*(s, (0,0); A;) from both sides. O

Corollary 34.

C*(s,2;A)) = h(s,x; Aj) (21, 22); A;).
x;éO
Accordingly, we define the p-adic zeta function as
Definition 35.
Go(s, 2 A;) = H(s, 3 A )+ — Z H(s, (w1, 12); Aj), (4.7)
0 1
:v;éO

where s € Z,. Note (,(s,x; Aj) is not defined at s = 2.



We immediately have our first main theorem,

Theorem 36. (,(s,z;A;) is the unique p-adic zeta function that interpolates
C*(—k,x; A;j), indeed,
Co(—k, 25 Aj) = C(=k, z; A))

on a dense subset of values k € Z,, namely k =0,1,2,..., k = 0(modp — 1).

Proof. By Corollary (32), for k =0,1,2,..., k = 0(modp — 1),

1
Colis, 23 Ay) = H(—k, 23 Aj) + o > H(=k, (z1,22); 4))
_0%

1 b
x#0

x « 1
= (k25 4j) = C (k0 A)) + 7 D, H(—k, (21, 22); 4))
xi:O,%
x#0
= (" (—k,z; A)).
For completion we show,
Lemma 37. The set K ={k=0,-1,-2,..., k=0(modp — 1)} is dense in Z,.
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Proof. We need to show for all € Z, and for all € > 0, there exists a k& € K such

that |z — k|, <e. Let 2 =Y " a,p", 0 < a, < p. Choose N such that p~» < e. Let

k=—0pY —1)3N a,p". Then,

n=0

N N
|z — k|, = |z — Zanp" +pV Zanp”\p <pV<e
n=0 n=0
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4.3.2 Derivative of p-adic (,(s,z; A;) function at s = 0.

We next show how to calculate the derivative of the p-adic zeta function (,(s,z; A;)
at s = 0 to a large number of p-adic digits. We first show, for n € Z, and s € Z,,
that the derivative of n™% at s = 0 exists. We start from the known result that any
n € Z, can be written as

n=w(n)(n)

where (n) € 1+ pZ, and w(n) is the Teichmiiller character associated with n, in the
sense that |w(n) —n|, < 1. Since w(n) is a (p — 1)-st root of unity, and, for us,

n~* = limy—_,n*, with k = 0(modp — 1), then we can start from
P
n*=(n)"% (n)€l+pZ,

Lemma 38. (Stark [65]) The derivative of n™* at s = 0 is —log,(n).

Proof. We start from n=* = (n)~*, (n) € 1+ pZ,, so we only need to differentiate

n~% forn =1+4dp, d € Z,. In this case we have the definition,

log,(n) = (_1;_ (dp)’,

Jj=1

which satisfies the usual logarithm rules:

- 1 _
log,(nm) = log,(n)+log,(m); log,(n~') = —log,(n) = log,(n) = - log,(n?~").

1

We previously defined the p-adic function f,(s) = n=* = lim;_,_,n’, where ¢ runs
through a sequence of integers that approach —s = (p — 1)s', s’ € Z,,. Since we want

s = 0, we choose the sequence t = (p — 1)bp?, a — oo. Let n?~! = 1+ ¢p, ¢ € Z,, so
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that

8

log,,(n*~ =
Jj=1

Noting p[% for all p, j,, we obtain,

= (14 cp)™?

o0 - c :
=1+ bp(bp* —1) ... (bp" =+ 1)

=1 Y -1 = 0B o ).

Then,
nt —n? 1 o= (1)1
= > ——(cp)’ (mod p**)
t p—1 = J
_ ! log, (n?~1)(mod p**)
= 1lo%
= log,(n)(mod p**")
We take the limit,
) nt _ 7’LO n=s — 7’LO "
Jim = ——— =log,(n)(mod p"),
to give,
n=s —n o a
— +log,(n)| <p ', for |s|, <p~°, (4.8)
p

d —s
so that %(n )|s:0 = —log,(n).

]

This proof easily generalizes to the result that the derivative at s = 0 of the
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product of elements in Z, raised to the power —s is, as expected, simply minus one
times the sum of the p-adic logarithms of each of the elements. We now show we can

take the derivative inside the limit,

Lemma 39. The derivative at s =0 of f(s) =limy—s_, ZnN;Ol(n%—x)*s is given by,

d N-1 N-1
Go o, 24|y == i S log, (0 +2).

Proof. We begin with the usual definition of a derivative,

d .
Ef(s) ‘8:0 = lim

s—0 S

Now
N—1 s
&)= 1) At
s N— -z s ’
so that,
N-1
reey s . (n+az)°—1
f <0) a £1—I>I(l) Nl%gn—x ZO S )
Then, with N; < N,
N-1
’ .
[7'(0) + Jim ZO log, (n + )|,
N-1
o (n+z)*—1
<t S ),
Ni-1
(n+x)
:Eir(l)Nh—I)an% | +logy(n + 7))
N-1
(n + )
+£1_I>I(l) th—x ZN | + logy(n + z)|
P n=Ivi
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where the first sum, S, p-adically approaches zero as N — oo by Lemma (38). The

second sum becomes

n+z)*—1
Sy —£1_I>HN11_I>H$ ZN | ———— +logp(n+x)‘
n=Iivi

< i i .
£1£I(1) Nh_r)n i ZJ; p “7", (notation as in (4.8)),
n 1

-1 1 .
- ngl_I;%p Nh;}rn—x(N Nl)

The two products in this latter expression both p-adically approach 0 for the given

limits. L]

We can now find the derivative of our p-adic zeta function at s = 0. From the

definition of ¢, we have

G, (0,25 Aj) = H'(0, 73 Aj) —
_ logp2
9

First we show how to calculate the H (0, z; A;) terms.

Lemma 40. At s =0, we have,

H(va;Aj> = C(O,LE; AJ) - <(070;Aj>7

Proof. By Corollary (32),

H(—k,2; A;) = ("(—k,2; Aj) — "(—k, 0; 4j).
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We can write (*(s,x; A;) as
C*(wa;Aj) = C(Swr;Aj) - 5(8,1’; AJ)

where

S Z; A Z Z (mlCLl,j -+ maQg ; + 'll)j)is.

m1=0 mo=0
plmiay j+maaz j+w;

We need to show that the value of £(s, z; A;) at s = 0 is p-adically zero. By a similar

method of proof to that in Corollary (32)

E(s,m Aj) =870 D (maan; +maoas; +w;) ™,

m1=0 mo=0

where p = () and |f|, < 1. The values of this analytically continued function at
non-positive integers were found in Corollary (12). The special values at s = —k, k a

non-negative integer, are given by:

1
(k+ 1)(k +2)

5(—]{,?17,0) :5k Bk+2(wj;Aj)7

Since |8], < 1, by the von Staudt-Clausen theorem, the p-adic valuation of the right

k+a for some fixed integer . The result follows for & — 0 which

p
implies £k — oo. O

side is less than p~

Remark 41. First, we note that (0, z; A;) and ((0,0; A;) were calculated in Corol-
lary (7).

Second, in [66], Stark stated the equation

Mi—1 Ms—1

C(=k,z; A;) — C(—Fk,0; Aj) 7hm Z Z (m + z)" (4.9)
mi1=1 mo=1
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implies
Mi—1 Ms—1
C*(=ky a3 Aj) = C*(=k,0;4;) = lim Zl mzl (m + 2)* + BE(k) (4.10)
" piL(mto)

where the error E(k) — 0 as k ? 0. The reason he gave is that, if k is large enough,
the terms on the right side of (4.10) with a factor of p have a p-adic valuation at
most p~F, and if k is approaching 0 p-adically, then p=* is much much smaller than
the p-adic valuation of k itself, and so both the limit and derivative at s = 0 exist
and consist of the limit and derivative respectively on the right side at s = 0 with
the terms divisible by p deleted. He applied the same argument to the corresponding

difference between two Hurwilz zeta functions, (the case of one linear form and one

summation variable), to replace

M—1
C(—k,x;am)—C(—k,M—i—x;all m—i—x CL11
m:0
with
M-—1
C"(—=k,z5a11) — ((—k,0;a1,1) = Mli%mﬁ 2_:0 (m+z)ar)* + E(k),
Pf(mﬁ;)al,l

where E(k) — 0 as k — 0.

P
We have shown in Lemma (38) that the derivative of n™%, n € Z,, s € Z, exists
at s = 0. This means we can now proceed to find the derivative of H(s,z; A;) at
s =0. For 1 < < 2, for the summation indices m; of the multiple sum in formula
(4.2) for H(s,x; Aj) we set m; = b; +u;p, 0 < b; < p—1, and define ¢; in the range

0 < ¢; < p—1such that ¢;+ M; = b; (mod p). Then we define a new set of sequences
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of positive integers, U;, 1 <1 < r, taking the p-adic limits:

i—1

M, +c¢; — b, W@
Ui z Z ! tj
p t=1 CL
where,
_ ;11”] +c — bl _ a3 (wj + b1a1 j) + ¢ — bl
U =U, - and Us — .7 .
P p P b

We use the notation,

Theorem 42. (Stark [66]) The derivative of H(s,x; A;) at s = 0 may be calculated

as
H1(0,2;4) Z Z (Ry + Ry + Rs) (4.11)
b1=0
a P“ﬁ(b*‘x)
where,
Ry = 51 log,L;(b+ ),
[e'e} (_1)k—1 pk 1 )
Itz = Biio(0; A)) — Brao(Uiay i3 A
i 1; k j(b+93)’“(k:+1)(k+2)[ k42(05 A7) = Brea(Uran 55 Aj)],
Ra — — (D! p* g Bi1(Uaasj; as)
3= -5 '
= k (Lb+a) k41

and, as usual, Lj(ty, ... t,) =1 a;t;.

Proof. Assuming the limit 7' — oo so that M; — — - and My — —titany
P »J




65

Mo—

Zdiz >, Lim+a)®

mo= s=0
PTL (m+z)

Mi—1 DMy-—1

:—Z Z log,, Lj(m + x)

pIL ( +)

p—

_ Z Z > log, (Lij(b+x) + Li(m — b))

b1=0 b2=0 0<m1<M;—-1
PiL; (bta )mlzbl (modp)
0<mao<M>—1
ma=ba(mod p)

p—1 p—1

L:(m—5b
== E : § (logp Lj(b+ ) +log, (1 + #))
bi=0 by=0 0<mi<M;—1 j( + )

1=b1 (mod p)
0<mo<My—1

ma=by(mod p)

b1=0  b2=0 0<m1<M;1—-1

m1=by (mod p)
0<ma<M>—1

ma=ba(mod p)

Let m; = b; + w;p for 1 <17 < 2. Each sum on an m; becomes a sum on u; in the

range 0 < wu; < U; where U; is the smallest integer such that U;p 4+ b; > M;. Then,

H'(0,z; Aj)
p—1 p-1 0o _ 9 k
(_1)k ! Z 1 Ui Qg 5 k
= - Z Z Z log, L;(b+ z) + Z ! ’
bi=0 bo=0 0<us<U;—1 ' 1 Li(b+x)

pJ[Lj (b+x) 0<ug<Uz—1

:_i: i: > log, Li(b+ )

bi=0 by=0 0<u;<U;—1
pIL; (b+a) 0<uz<Usz—1

p—1 p—1 o0 _ 2 k

Yy O (S

b1=0 bo=0 O0<u1<U;—1 k=1 k Lj(b‘i‘l')
pIL; (b+z) 0<us <Us—1
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Since log, L;(b + z) is independent of the u,’s, the first sum on the right side is the

first term in the statement of the theorem.

For the second sum, for each i, define ¢; in the range 0 < ¢; < p — 1 such that

M; + ¢; = b; (mod p). Then Ujp+b; = M; + ¢; or U; = W Then

e R —_1( b .)_|_ b,
. 1 1 _ ai.; _ -\Wy 1015 C; 7
U1 = U1 — %—, UQ = Ug—ul—d, where U2 — 22 .
p p az,; p p

Now, consider for complex s,

Ui—1Us—1
—S

E § (w1015 + uaz ;)
u1=0 u2=0

Ui—1 o Ui—1 oo

—s —s

:E E (w1015 + usaz ;) —E E (uray; + ugag ; + Usag ;)"

u1=0 uz=0 u1=0 uz=0

The second sum is Zgll;é C(s,ura1 j+ Usag ;; az ;). The first sum may also be split as

follows

Ui—1 oo

Z Z (ulau + u2a27]’)78

u1=0 uz=0

[ee] [ee] o0 o0
_s —s
= E E (uray1; + ugag;)~° — E E (w1015 + ugag ; + Uiy ;)
u1=0 u2=0 u1=0 u2=0

= C(‘S? (07 0)7 AJ) - C(‘S? (U17 O), AJ)

At s=—k, k=0,1,2,..., by Corollaries (11) and (12) we obtain

U1—1Uz—-1

Z Z (ulal,j + UgagJ)k

u1=0 u2=0
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1

_ Bit1(uray; + Usag j; as )
(k+ 1) (k+2)

kE+1

[Bk+2(0; AJ) - Bk+2(U1a17j7 0; AJ)} + Sl

to which we can apply the limits for the U; to obtain

U1—1U2—1
k
(wray; + uzas ;)
u1=0 u2=0
1

_ Biy1(Uzasj; as ;)
(k+ 1) (k+2)

kE+1

[Bk+2(0; AJ) - Bk+2(U1a17j; AJ>] + Sl

]

Remark 43. In the case of zeta functions with one linear form, we can generalize
both the definition of (,(s,x;A;) and its derivative at s = 0 to the case of r sum-

mation variables. The results are recursive formulas based on p-adic zeta functions

with 1,...,7 summation variables. The proofs begin with the definition of the p-adic
function
My—1
H A =1 L( I 4
ity =g 53 b s,
mi me=

where p { L; and T — oo summarizes the taking of r p-adic limits for My to M,

given by

w; + m;a;
Mk - J Z 1 7]
p ak,j

The process for forming a difference equation analogous to (4.3) works in a reverse
manner as required by the taking of the p-adic limits, that is, the first step is to form

the expression

M,—1
ZL m+x)° ZL m+x)° Z Li(m+ )%,
m,-=0 m-=0 me=M,

then take the limit
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to give a final term equal to a constant times a (Hurwitz) zeta function with one
summation variable, and so on. The analogous lemmas and theorems in the remainder
of this Section (4.3) then follow relatively easily. However, the relative ease with
which these results can be obtained for general r will not prove to be the case for zeta
functions with more than one linear form, which, in view of our goal relating to the

Gross Conjecture, are our primary concern.

4.4 p-adic zeta functions with two linear forms

4.4.1 Definition

We now want to define a p-adic zeta function which solves the interpolation problem

for a regularized zeta function defined as follows.

Definition 44. Let

(s, A) = Z Z HLj(m + )% Re(s) > 1. (4.12)

2
MH?:1 Lj(m+z)

where L; = Lj(m+ ) = myay; + maag; +w; and Ly is the conjugate of Ly. We will
also write LL' = H§:1 Li(m+x). Here A = (a;;) is a 2 X 2 matriz, where the first

and second columns are conjugated over a real quadratic number field F'.

We have a similar setup to the case of one linear form: We suppose w;, a;; and
as; are all integers in a quadratic field F' and that a fixed prime p splits in F', say
p = pp’, where, again, if § € p then |5], < 1 and |5’|, = 1. We choose two sequences
of integers M; and M, where M, ? o and Mo ? B for some o B € Z,. Later we
will choose o and [ to suit our purposes. And, finally, as in the remarks following

Definition (21), we use T'— oo to describe the taking of these two p-adic limits.
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We want to define, for s € Z, and A and L; = L;(m + x) as above, p-adic func-

tions of the form
Mi—1 Ma—1 2
H(s,z; A) = lim > > [ Lj(m+2), (4.13)

m1=0 ma=0 j=1
ptL1La

We first note that (L;Le)~° is well-defined since p { LjLs, so that H(s,w;; A) is

well-defined if it converges. Again, that follows from Lemma (26). We can now show,
Lemma 45. H(s,x; A) exists and is continuous in s, x1 and x5 (and in w; ).

Proof. Put W = H?zl miay; + meag; + w;. To show convergence, note that if T'

increases to 7", the group of extra terms added to ZMl CSOM T W s

m2 0
M{-1M,-1 2 Mi—1 Msy—1 2 -1 Mj-1 M{-1 M}i-1
)OI | LEED DB I8 I LD SID RISEES DI SEED
m1:0 m2=0j:1 m1:Om2=Oj:1 mi= 0m2 MQ mi1= M1 mo= =0
w 114 ptW w

We claim the p-adic value of this group approaches zero as T' — oco. Consider,

M;-1 Mj—-1 2 2

—S
> > [TCws+ > miaiy).
m1:0 m2:M2 ]:1 =1

PTG =) miar j+maaz j+w;

Fix a value of m; and then consider

Mj—-1 2 2 M},—1
S
E | | (wj + E miai,j) CLQ 109 2 E | | meo + yj
mo=DMas 7=1 =1 mo=DMs j=1
PG —; mia1 j+maas j+w; ptma+y1

miai, 4
where y; = == € Z,
37

Since the number of terms in this sum is Mj — My, = 0(modp”), we can apply
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Lemma (26). Then

Mj—-1 2 2
‘ E H(w] + E miam)’s — 0
mo=DM> 7=1 =1 p
PG =, mia1 j+maaz j+w;
as T'— oo. The same argument applies to
M{—1 My—1 2 2
—S
> > [TCw; +> miaiy) .
mi1=DM; mo=0 7j=1 =1

2
PiITj—1 miar j+maas j+w;

To show H(s,z; A) is continuous in s, we let |s; — sa2|, < p™" and n; = myay ; +

Maas ; + wj;, n € Zy,. Then,

Mi—1 Mz—1 2

[H(s1,2; A) = H(sg, 23 A, = Tim. Y I =l <p
m1=0 mo=0 j=1

MH?:I nj

by Lemma (24).

To show H(s,z; A) is continuous in z1, put w = x1, L; = myay j + moas j + 2202 ;

and let |wy — wsq|, < p~". Then, for some value of m; and mo,

2 2

|H(S, X, A) — S xX; A H P+ ’wlCL1] - H(L] + w2a17j)_s|p < p_r
j=1 j=1
since for k = —s, k — —s, the difference has a term in (w; —w,). Similarly, H (s, z; A)
p

is continuous in xs. ]



We now proceed to interpolate the complex zeta function

(s, A) = Z Z Liy(m+z)Ly(m +z))~°

where L;j(m + x) = my a;j + maasj + w; and the 2 x 2 matrix A is now A =

We will require the following lemma.

Lemma 46. The complex zeta function

o0

f(s,a,b) = Z(n +a)*(n+b)"°, Re(s)>

n=0

N —
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(@i ).

where a, b are positive real numbers, has a meromorphic continuation to the whole

complex plane with a simple pole at s = %

The special values at s = —k, k=0,1,2,..., k =0(modp — 1), are given by

.

<

F(—k,a,b) = <k2!)2 ) fj,’!(ll!) u;o(_l)j( )(lzl)[aj‘“b“+bj‘“a“]. (4.14)

Ji:l>0 >
JHI=2k+1 utv==k

Proof. We follow Theorem (14) to first obtain,

]. a t1+1 b) 1
f(s,a,b) / / e ————————(t1t2)° dty dis.

We set Dy = {t e R?|0 <ty <t} and Dy = {t € R?|0 < t; < 15} to give

1 at1+ 1 b)ta

f(s,a,b) Z/D T ———————(t1to)¥ Ndty dty = fi(s,a,b) + fa(s, a,b).

where, after the change of variables t = u(y), 0 < u, 0 <y, < 1,7y =1 asin
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Theorem (14), we have

ull—a)tull by 25—1 ) s5—1
fi(s,a,b) / du/ i T Y dys.

Using the usual keyhole integration path, we find at s = —k, £ = 0,1,2,..., that

fi(=k,a,b) equals the coefficient of u*y* in

J=0

Similarly, fo(—k,a,b) equals the coefficient of u*y* in

! b—i—ay I & Bl _
- > (=1 Z +y))7h
j=0 =0

Adding the corresponding terms gives (4.14). (Note the sum of the corresponding

terms with [ = 0 is included in this equation.) O

We now choose values of a and S for the p-adic limits M; — o and My — 5. We
p p
put @ = —x7 and

my + 21,011 n 01,2) o my + o1 . ai1
2 a2 1 a2 2 2 as 1

_/BZ.TQ—‘F

Following the same procedure as in Theorem (31), for s € C, s # 1, M; and M,

positive integers, and L = L(m + z), we put

Mi—1 Ma—1

S(s, My, Ms; A) = ((s, (z1,22); A) — (s, (x1 + My, x9); A Z ZN

m1=0 mo=0
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We also define,
O(s, t; A) = 271N, 2¢(s, 1),

where ((s,t) = > 7 ,(n+x)* is the Hurwitz zeta function and Ny = N (#2222-2120281 )

a2,1a2,2

By interchanging the columns of A if necessary, we can assume Ny > 0.

Theorem 47. At s=—k, k=0,1,2,..., we have

Mi—>a My—>f3
p p

Proof. By the definition of S, we have

S(s, My, My; A) = N(az1) ™ > f(s,a,b),

where a = x5 + My + (my + 21)= and b is the conjugate of a in F. According to

az,1

Lemma (46), the special values of f(s,a,b) at s = —k are polynomials in a and b,

explicitly given by

e

7,0>0 u,v>0
jHI=2k+1 utv==k

We have B; = 0 for all odd [ except Bi(1) = % Hence, the contribution of all terms

(K12 (2k R
4(2k)! < k>2(“b) = 5(ab)”

In all other cases, j is odd since [ is even. Therefore,

with [ odd is equal to

aj—ubu 4 bj—uau — (ab)u[aj—2u + bj—2u]
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where a/~2" 4+ b ~2% is divisible by a + b since j is odd. But in our case,

a—+b=2xy+ M)+ (my + xl)tr(?),
2.1

so that a +b — 0 for My — 3 by our choice of 3. Hence the contribution of all the
p p

terms with [ even vanishes in the limit Ms; — 3, which implies My — oco. Since,
p

my+ 21,011 G192

lim a= —
M2?>5 2 ag’l CL272
we obtain
Mi—1
lim S(—Fk, M, M,) = 2 2k—1 Nk m x)%k.
Y (—k, My, M) 0 ZO( 1+ 1)
mi=

But, with ((s,t) the Hurwitz zeta function,

Mi—1

S (my + 20)% = ((~2k,21) — ((~2k, 2, + M)

m1=0
= L Bui(w1) - Bupa (o + M)
= 2%k 11 2k+1(T1 2k+1(T1 1)]-

Using Bay11(0) = 0 again, we see that

L ak1 ok Bawt1(71)
_ ) _ _9—2k—1prk 22k+1\-01
]V[lll%oz 1\4121%[3 S( b My, Mz A) 2 NO 2k +1

= @(-2]{), T, A),

]

Recall that by our definition of the (* notation, S*(s, My, Ms; A) refers to the
Dirichlet series defining S(s, My, Ms; A) where all terms not relatively prime to p

have been removed. We now make the following assumption.
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Assumption 48.

lim  lim S*(—k, My, My; A) = &*(—=2k, zq; A).

My—>a Ma—>f3
p p

This assumption is true for k& — 0 as discussed in Remark (41).
p

Stark, [65], has shown that the regularized Hurwitz zeta function, (*(—2k,z;) is
interpolated by the p-adic Hurwitz zeta function (,(s,x1), s € Z,. This means that

the values ®*(—2k, x1; A) are p-adically interpolated by
P, (s) = Dp(s, 215 A) = 25_1]\70_%@(3,951), 5 € Ly.
Corollary 49. Under Assumption (48), we have for k = 0(modp—1), k =0,1,2,.. .,
C(—k,x;A) — (=K, (0,22); A) = @p(—2k, 215 A) + H(—k, z; A), (4.16)

where H(s,x; A) is the function of the p-adic variable s that we defined in (4.13).

Our next goal is to eliminate the term (*(—k, (0,22); A) in (4.16). To this end

Q21 Q22

we write T = (x9, 1) and A = , where, as usual, z = (x1,2,) and
a1 Aa12
a, a
A= T Then, since
21 Q22
we have,

C*(_k’ (07172); A) - C*(_k7 (Ov O); A) = g*(_k7 (va O); "Zl) - C*(_kv (O’ O>; A)
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= O, (—2k, 9; A) + H(—k, (22,0); A).  (4.18)
Adding (4.16) and (4.18), we obtain,
C(=k, (21, 22); A) = (*(=k,(0,0); A) = G(—k, z; A)
where,
G(—k,x; A) = H(—k,z; A) + H(—Fk, (2,0); A) + ®,(—2k, z1; A) + ,(—2k, x9; A).

Finally, to eliminate the term (*(—k, (0, z2); A) we develop a duplication formula, as

we did in (4.6), in the form
¢"(=F,0;A) = Go(—k; A)

where

1
Go(si4) = o5 — D G(s, (21,12); A).
$i:0,%

x#0

We are now ready to define the p-adic interpolation of the Shintani cone zeta function

(s, 75 A).

Definition 50. For s € Z,,, we define

Gl(s,z;A) = G(s,x 0 A) + Go(s, A).

We then have our second main theorem,

Theorem 51. Under assumption (48), ¢,(s,x; A) is the unique p-adic zeta function
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that interpolates (*(—k,x; A), indeed,
Cbc_kax;fn ::C*C_kax;A)
on a dense subset of values k € Z,, namely k =0,1,2,..., k = 0(modp — 1).

4.4.2 Derivative of p-adic (,(s,z;A) at s =0.

From the definition of (, we immediately have the following theorem. Note that,
following the arguments of Stark [66] as discussed in Remark (41), assumption (48)

is not required in the case where s = 0.

Theorem 52. The derivative of (s, x; A) at s =0 is given by:
¢, (0,23 A) = G'(0,z; A) + G(0; A). (4.19)
We can calculate the terms on the right side of (4.19) as follows. First,

Gy(0; A) = —= Z G'(0, (z1, x2); logp2 Z (21, 22); A).

x;éO z;éO

We will show how to calculate G’(0, z; A) below. The three terms in the second sum

are of the form
G(0,2; A) = H(0,2; A) 4+ H(0, (29,0); A) + @,(0, 21; A) + ©,(0, wo; A).

Note that,
H(Ov Z; A) = C(Ov Z; A) - C(Oa O; A) + E(T)a

where, as discussed in remark (41), E(T) — 0 as T'— oco. We can then evaluate the



78

two remaining terms on the right side using Corollary (18). The term ®,(0,z1; A) is
simply %Bl(acl) and (IDP(O,:I:Q;A) is %Bl(xg).

Let us now consider the calculation of G'(0,x; A). We have,
G'(0,2; A) = H'(0, 23 A) + H'(0, (z2,0); A) + @, (0,213 A) + ®/,(0, 23 A).

The term ®(0,z1; A), (,,(0, 72; A) is similar), is given by

1

1
(0,213 A) = (§logp2 1

1
log,, No)Gp(0, 1) + 5@}2(07%)-
As discussed in Section (2.2), Stark [65] showed ¢/ (0,x) = log, I',(x), so both terms

in CID;(O, x1; A) can be readily calculated.

It remains to calculate H'(0,z; A). We first need to generalize Theorem (42) to a
general statement for M; ;> a and M, ;) $ where = (m;) and o, S € Z,. Recall
that L; = mya;; + measj + w;. To deal with the primality condition p 1 L for any
prime divisor of p in F, we restrict m; and my to residue classes m; = a(modp),
mg = b(modp). Then p 1 L if and only if p { aay; + bas; + w;. So it is enough to

consider the subseries

Mi—1 Mao—1
H,p(s) = lim lim Lim+2x)* seZ
aJ?() My e Z My—33 Z J( ) ) P>
P m1=0 p mo=0
mi=a(mod p) ma=b(mod p)

where 8 = v+ 90 my for fixed p-adic integers «, v and d, and a, b are two integers such

that 0 < a, b < p and aa; ; + bay ; + w; is relatively prime to p. We write,

my = a—+ up, mo = b+ vp.
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Then 0 < my < M, is equivalent to 0 < v < V where V' is the smallest integer such
that Vip+ b > Ms. Similarly, 0 < m; < M is equivalent to 0 < v < U where U is

the smallest integer such that Up + a > M;. Next we choose integers ¢, d such that
Up+a=M+c, Vp+b=»My+d, 0<¢,d<p.

Then M; — «, My — 8 means that
P P

— 0+d—>b
U Uy= 0120 c g ng v OFmdd=b) )
p p p b
We also set,
Vo = ytadtd=b € Z,.
p
We now introduce the p-adic generating series
o~ (D! p k
Gz ) — ~ J B . )
(v: az) Z k(k+1) b (2 aQ’])<aa1J +bag j + w;”

and, with A; given as usual by (ay ;, as;)",

- (=" p k
F(x;A;) = B A
(2:4) ; k(k+1)(k+2) (2 j)(aal,j + bas; + wj) ’
where the generating function for B;(z; A;) is, as usual,
| t2el® | _ i By(x; A;) "
(et — 1) (et — 1) = k!

k=0
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We deﬁne, for Aj = ((11’]‘, CLQJ')t and Aj = (Clgyj, CLQJ')t
4]
hmb(w; a, B, AJ) = Uo(%+(U0—1)§) lng(CLCLLj—FbCLQ,j—FU}j)—F(O; Aj)—i-F(anl,j; Aj)"i‘T,

where

T F(‘/OCLQJ' + angd’; /I]) — F(Vbaz,j; Aj), if CLg,j = CLL]‘ + 5@273‘ 7é 0

U() G(%CLQJ;GQJ), if as,; = 0.

We now prove a generalization of Theorem (42) in which Stark [66] considered

only the case a3 ; = 0.

Theorem 53. With notation as above,
H;,1(0) = —hgp(w; a, B, A).

Proof. After taking the derivative of H,4(s) term by term and setting s = 0, we need

to evaluate the p-adic limit of

U-1V-1

— Z Z logy|(aay ; + bag ; + w;) + (uay ; + vag ;)p, ]
u=0 v=0

in the order My — 3 and then M; — a. We expand the p-adic logarithm in the above
p p

sum as,

uay; + vag; )k k
)

(—1t
logp(aalvj + bazj + wj) + Z A (CLCL1 ot ba2 4w,
»J »J J

00
k=1

and choose two supplementary integer sequences W and €2 such that W — ~ and
p
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) — 4. This allows us to write

p
My =W 4+ mQ =W + (a + up)Q,
and,
Q+d—1>
V=V, +uQ, %:W—l—a +
p
with,
O+d—>b
V1—>V0:7+a +
p p

as My — (. The theorem now follows from the following two lemmas.
p

Lemma 54. Let az; = a1 + dag ;. Then,

V-1
1
Mlzl%)ﬂ 2 (uay j +vag ;)" = Tl [Biii(uas; + Voas j; az ;) — Brai(uay j; az )]

Proof. We need only to pass to the limit Ms; — [ on the right side of the polynomial
P

identity,
V-1 1
(uay; + valj)k — ] [B,Hl(uam + (Vi +uQ)ag j; as ;) — Biti1(uay j; CL27]‘):|,
v=0

and observe,
UCL1J+(V1 +UQ)CZ2,]' = u(a17j+Qa27j)+V1a27j — u(al,j +5a27j)—|—Voa27j = ua37j+Voa27j.
p

]

Lemma 55. If az; # 0, then,

U-1 1 ) )

Z Biyi(uagj + z;as5) = m[3k+2($ + Uag j; Aj) — Biya(; A;)].

u=0
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Proof. By definition,

U—

,_\

U-1
Bk U(Igj‘i‘l’ Clgj) tk:Z

t@t(ua3’j +x)

etazi — 1

o0
j=0 u=0 : u=0

1 #2 et(UagJ-—&—x) — {2 elm

Tt (etars — 1)(efass — 1)

In the excluded case asz; = 0, we have,

T

Bji(z;ag;) = U By (w5 az,;).

e
Il
=)

We are now ready to pass to the limit M; — «, or, equivalently, U — U,. First, we
p p

observe
U-1V-1 U-1
QUU -1 0(Upg—1
E E 1= Vl—l—uQ):UVle(T)%UO(Vb—F%,
p
u=0 v=0 u=0

which yields the coefficient of log,(aay,; +bas j +w;) in the statement of this Theorem
(53). Next we pass to the limit U — Up in Lemma (55) in the case az; # 0 and
P

obtain,

U-1 V-1

lim E lim E (ua1 j + vas j)k

U?Uo 0 My—> 3 ’ ’
u= p

V=

1

= GrDk+2) {Bkw(vo@u‘ + Upa;3; A;j) — Brio(Voas;; Aj)

— Biyo(Uparj; Aj) + Bii2(0; Aj) |
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In the case as; = 0, the right side of this equation is replaced by

1

1
7 | B P A; B U A _ B . 3y
(k+1)(k+2) k+2(05 A7) — Bira(Uo ar s Aj) | + Uo Br+1(Vo ag j; as j)

E+1

This finishes the proof of Theorem (53). O

Remark 56. The complexity of the calculations of the polynomials By grows like a
polynomial of degree k. Theorem (53) therefore represents a polynomial time algo-

rithm for the calculation of H} ,(0) to a specified number of p-adic digits.

Corollary 57. In the case of one linear form,

—_
hS]

P -1
HI(O,QZ';AJ‘) = — hmb(wj;avﬂvAj)'

b=0
pi(aa,j+baz,j+w;)

I
=)

a

In the case of two linear forms, where A = (A1, Ay), we need to change notation and

write

ha,b(w; «, 67 A) = ha,b(wh «, 67 Al) + ha,b(w27 «, 57 AQ)

to indicate the dependence on the linear form A;. Then we have,

—_

p—1 p—

H,(O,l'; A) = — ha,b(wQ;a)/87A2)'

o

IS}

I

o
= o
o

M’N(CL(IL CL2’1+’LU1)

This completes the final step in showing how to calculate the derivative of (s, z; A)

at s = 0 to a specified number of p-dic digits.

Remark 58. Note that the choice of « = —x1 € Q and

mi+x a
(== € Q

2 az 1

ﬁ:—(x2+
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for the p-adic limits My — o« and My — B means we can remove the restriction that
p P

p splits in the number field F from the calculations in the case of two linear forms.
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A Appendix

A.1 Stark’s conjecture

In order to prepare for the statement of the Gross-Stark conjecture, which is a p-adic
version of the Stark conjecture, we begin by briefly recalling an important special case
of the Stark conjecture. We follow the expositions of Stark’s Conjecture in Roblot [54],
Dummit [19] and Tate [68]. Let F' be a number field and E be an abelian extension
of F with G = Gal(E/F). Let S be a fixed finite set of places of F' containing the
infinite places of F' and the finite places ramified in F/F. For 0 € G = Gal(E/F),

define the partial zeta function by the Dirichlet series

(s(o,8)= > N(a)™*
(a,9)=1

CngF
Oa=0

where a runs through the integral ideals of F' not divisible by any prime ideal contained
in S and such that the Artin symbol o, is equal to 0. We assume there exists an
infinite place v which is totally split in £/F and we fix w, a place of E dividing v.

We also assume Card S > 2.

Conjecture 59. (Stark) Let m be the number of roots of unity contained in E. There

exists an S-unit € € E' such that for all o € G,
logla(€)]y = —m Ch(07,0). (A1)

Furthermore, E(X/€)/F is an abelian extension and if Card S > 3 then €, denoted

e(E/F,w), is a (Stark) unit.

Assuming the conjecture is true, the application to the Hilbert’s 12-th problem, (how

to construct finite abelian extension fields of any number field F' using analytic func-
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tions depending only on F), is given by the following:

Theorem 60. (Roblot, [5/]) Let F5™ be the subfield of C generated over F by
all the units e(E/F,w) where E/F runs through the finite abelian extensions of F
i which v s totally split and w runs through the infinite places of E dividing v.

Then, the mazimal real abelian extension of F is contained in FSto*

or, equivalently,
for any finite real abelian extension L/F, there exist Stark units €1, ..., €. such that

L CFl(e,...,6)

In [61] Stark proved this conjecture for F' = Q and in [64] he proved it, using modular
forms, for the case where d is a negative integer. The case of d a positive integer
remains an open conjecture. Considerable significance is attached to the fact that Q

and Q(y/—d) are the only number fields with a finite number of units.

A.2 Gross-Stark conjecture

The following exposition of the Gross-Stark conjecture is included here as the mo-
tivation for the importance of being able to calculate the derivative of p-adic zeta
functions at s = 0. The interest is to verify the Gross conjecture in particular cases
to a high degree of p-adic accuracy. The p-adic version of Stark’s conjecture is due
to Gross. We follow Gross [27] and Dasgupta [16]. Let F' be a totally real number
field and £ be a CM field (a totally imaginary quadratic extension of a totally real
field) which is an abelian extension of F'. For each place P of £ we let Ey denote the
completion at B. If P is finite we let NP denote the cardinality of the residue field

of Eg. The restriction of the usual absolute value map |.| to Eg is the normalized
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local absolute value for which we have the formulas,

;

Npy /r(a) B complex

| a llg= 4 sign(a).a B real

(NB)~4x(®) 9 finite.

If we restrict the p-adic absolute value || . ||, to the subgroup Ejy we obtain a local

absolute value with the formulas,

(

1 B complex
sign(a) B real
| o flypp=
(N'B)~ ordp(a P finite, not dividing p
(N P)-orte@ N Hy /0, () P divides p.

Let p be a prime of the totally real number field F' lying above the rational prime p
of Q. Let FE be a finite abelian extension of F' such that p splits completely in F. Let
S be a finite set of primes/places of F' which contain all the archimedean primes, the
primes lying above p, and all the primes which ramify in E. Note S contains a (finite)
place p which splits completely in E. Assume #S > 3, since this only excludes the
case = F =Q. Write R=5 —p.

For o € G, define the complex partial zeta functions of E/F relative to the sets
S and R as:
> Na 5 (alo,s) Z Na~*, (A.2)

Oqa=0 au—o
where the sums are over all integral ideals a C Zp that are relatively prime to the

elements of S and R respectively, and whose associated Frobenius element o, is equal
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to 0. These series converge for Re(s) > 1 and have meromorphic continuation to C,

being regular outside s = 1. They are related by the formula

Cs(o,8) = (1 — Norm(p)~*)Cr(a, s). (A.3)

Hence, (s(0,0) = 0 and (5(0,0) = logNorm(p).Cr(o,0) for all ¢ € G. The values of
each series at non-positive integers are rational and m (s(o, s) is an integer (Deligne

and Ribet [18] and Siegel [59]).

Deligne and Ribet [18] and Cassou-Nogues [11] independently proved the existence
of a Q,-valued function (g ,(o, s), meromorphic on Z, and regular outside s = 1, such

that

C&P(o-v k) = CS(O-v k) (A4)

for non-positive integers k = 0(mod d) where d = [F'(p2,) : F]. In particular,

CS,p(O-7 0) = Cs(O', 0) = 0 (A5)

Define the group,

U,={ec £ : |||l =1 if P does not divide p}

Here P ranges over all the finite and archimedean places of E. For each divisor

P of p in H, extend the P-adic valuation ordy : U, — Z to the tensor product
QU,=0Q&U, = Q.

Proposition 61. (3.8, [27]) Let B be a divisor of p in E. Then there is a unique
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element u = u(*P) in QU, = Q ®z U, such that
—(5(0,0) = log||u®||y for all o € G. (A.6)
and,

Cr(0,0) = ordy(u?) for all o € G. (A.7)

Since p splits completely in E, we have £ C Ey = F,.

Gross made the Conjecture for the same element u that:

Conjecture 62. (2.12, [27]) The element u of Equations (A.6) and (A.7) satisfies

—Cfgvp(a, 0) = logp||u’||p,p = —logyNormpg, g, (u”) for all o € G. (A.8)

Gross [27] proved this conjecture in the case F' = Q using formulas developed
by Hurwitz and Ferrero-Greenberg [22], the latter of which was in turn derived from
the Gross-Koblitz formula proved in [29]. In [41], page 71, Koblitz gave a further
proof of the formula and observed (page 45) that “it would be interesting to find an
elementary proof”. Such a proof was provided by Robert [53] which needs to be read

in conjunction with Robert [52].
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